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Abstract. The conjugacy of split Cartan subalgebras in the finite di- 
mensional simple case (Chevalley) and in the symmetrizable Kac-Moody 
case (Peterson-Kac) are fundamental results of the theory of Lie alge- 
bras. Among the Kac-Moody Lie algebras the affine algebras stand out. 
This paper deals with the problem of conjugacy for a class of algebras 
-extended affine Lie algebras- that are in a precise sense higher nullity 
analogues of the affine algebras. Unlike the methods used by Peterson- 
Kac, our approach is entirely cohomological and geometric. It is deeply 
rooted on the theory of reductive group schemes developed by Demazure 
and Grothendieck, and on the work of J. Tits on buildings. 
Keywords: Reductive group scheme, torsor, Laurent polynomials, non- 
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1. Introduction 

Let g be a split simple finite dimensional Lie algebra over a field k of 
characteristic 0. From the work of Cartan and Killing one knows that g is 
determined by its root system. The problem, of course, is that a priori the 
type of the root system may depend on the choice of split Cartan subalgebra. 
One of the most elegant ways of establishing that this does not happen, hence 
that the type of the root system is an invariant of g, is the conjugacy theorem 
of split Cartan subalgebras due to Chevalley: All split Cartan subalgebras 
of g are conjugate under the adjoint action of G(fc) where G is the split 
simply connected group corresponding to g. 

Variations of this theme are to be found on the seminal work of Peter- 
son and Kac on conjugacy of "Cartan subalgebras" for symmetrizable Kac- 
Moody Lie algebras [PK]. Except for the toroidal case, nothing is known 
about conjugacy for extended affine Lie algebras (EALAs for short); a fas- 
cinating class of algebras which can be thought as higher nullity analogues 
of the affine algebras. The philosophy that we follow is motivated by two 
assumptions: 

(1) The affine Kac-Moody and extended affine Lie algebras are among the 
most relevant infinite dimensional Lie algebras today. 
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(2) Since the affine and extended affine algebras are closely related to 
finite dimensional simple Lie algebras, a proof of conjugacy ought to exist 
that is faithful to the spirit of finite dimensional Lie theory. 

That this much is true for toroidal Lie algebras (which correspond to the 
"untwisted case" in this paper) has been shown in [PlJ. The present work 
is much more ambitious. Not only it tackles the twisted case, but it does so 
in arbitrary nullity. Some of the algebras covered by our result are related 
to extended affine Lie algebras, but our work depicts a more global point of 
view. It builds a bridge between "Cartan subalgebras" of twisted forms of 
semisimple Lie algebras over a normal ring R (viewed as infinite dimensional 
Lie algebras over the base field), and split tori of the corresponding reductive 
group schemes over R. 

Using the natural one-to-one correspondence between "Cartan subalge- 
bras" and maximal split tori in question shown in Theorem 19. II we establish 
their conjugacy in Theorem II 5.11 Fundamental applications to the structure 
theory of extended affine Lie algebras are given in §16. The main ingredient 
of the proof of conjugacy is the classification of loop reductive torsors over 
Laurent polynomial rings given by Theorem II 7. H a result that we believe is 
of its own interest. 

2. Generalities and statement of the fundamental objective 

2.1. Notation and conventions. Throughout this work, with the excep- 
tion of the Appendix, k will denote a field of characteristic and k an 
algebraic closure of k. For integers n > and m > we set 

Rn = k[tf\...,tt\ Kn = k{h,...,tn), F„ = A:((ti)) • • • ((i„)), 

and 

Rn,m — ^[^1 ™ 5 • • • ) ] ) -^n,m — k(t^ j • • • > tn )) Fn,m — k(^(t^ )) ' ' ' {{^n ))• 

The category of commutative associate unital algebras over k will be 
denoted by k-alg. If X is a scheme over Spec(A;), by an X-group we will 
understand a group scheme over X. When X = Spec(i?) for some object R 
of k-alg, we use the expression R-group. 

2.2. Forms. Le g be a finite dimensional split semisimple Lie algebra over 
k. Recall that a Lie algebra C over R is called a form oi g^k R (or simply 
a form of g) if there exists a faithfully fiat and finitely presented i?~algebra 
R such that 

(2.2.1) C0RRc^{g0kR)®RR-g®kR, 

where all the above are isomorphisms of Lie algebras over R. Since g is finite 
dimensional the assumption that R/R be finitely presented is superfious 
whenever R is noetherian. The set of isomorphism classes of such forms is 
measured by the pointed set 

H}ppf{Spec{R),Aut{g)n) 
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where Aut(g)fj, is the i?-group obtained by base change from the /c-hnear 
algebraic group Aut(g). We have a spht exact sequence of fc-groups 

(2.2.2) i^Gad^ Aut(g) Out(g) 1 

where Gad is the adjoint group corresponding to g and Out(g) is the con- 
stant /c-group corresponding to the finite (abstract) group of symmetries of 
the Coxeter-Dynkin diagram of g. By base change we obtain an analogous 
sequence over R. 

In what follows we will follow standard practice and for convenience de- 
note iJ]pp^(Spec(i?), Aut(g)R) simply by iJ]pp^(i?, Aut(g)) when no con- 
fusion is possible. Similarly for the Zariski and etale topologies, as well as 
for fc-groups other than Aut(g). 

2.3. Remark. Since Aut(g) is smooth and affine over Spec(i?) 

i/], (i?, Aut(g)) H)pp^ (R, Aut(g)) . 

2.4. Remark. Let R = Rn be as in §2.11 By the Isotriviality Theorem of 
|GP2j the trivializing algebra R in (j2.2.ip may be taken to be of the form 

~ ~ ~ ±± ±± 

R '•— Rn,m k = k\t-^ i,^ ] 

for some m and some Galois extension k oi k containing all m-th roots of 
unity of k. The extension R/R is Galois (see §2.51 below) 

2.5. Multiloop algebras. Assume now that k is algebraically closed. We 

fix a compatible set of primitive m-th roots of unity ^m, namely such that 

Cme = Cm for all e > 0. Let R = Rn and R = Rn,m- Then R/R is Galois. 

Via our choice of roots of unity, we can identify Gal(i?/i?) with (Z/mZ)" 

as follows: For each e = (ei, . . . ,e„) € the corresponding element e = 

~ ~ _ J_ J_ 

(ei, • • • , e„) G Gal{R/R) acts on R via ''(if) = ^^t/" . 

The primary example of forms C of giXifci? which are trivialized by a Galois 
extension R/R as above are the multiloop algebras based on g. These are 
defined as follows. Consider an n-tuple a = {ai, . . . ,a„) of commuting 
elements of Autfc(g) satisfying = 1. For each n-tuple (ii, . . . ,i„) € Z" 
we consider the simultaneous eigenspace 

gn...i„ = {x eg: aj{x) = for all 1 < i < n}. 

Then g = X]gii...i„, and g = 0gii...i„ if we restrict the sum to those 
n-tuples (ii, . . . , i^) for which < < rrij, where rrij is the order of aj. 

The multiloop algebra based on g corresponding to a, commonly denoted 
by L(g,£T), is defined by 

L(g,(T)= gn..i„^tr ...tr Cg®fei?Cg®fei?oo 

(ii,...,i„)GZ" 
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where Roc = linj k\tT^ ,tn ""JoNote that L(g, a), which does not depend 

on the choice of common period m, is not only a fc-algebra (in general infinite 
dimensional), but also naturally an i?-algebra. A rather simple calculation 
shows that 

L{s,(r) ®i? -R ^ g ®fc -R ^ (g 0fe -R) <S)R R. 
Thus L(g,<T) corresponds to a torsor over Spec(i?) under Aut(g) (see ^ 
for details). The crucial point in the classification of forms of g ®k R by 
cohomological methods is the exact sequence of pointed sets obtained from 
(12X21) 

(2.5.1) Hi{R,Gad) ^ Fi,(i?, Aut(g)) ^ Hi{R,OMt{^)) ^ 1 

Grothendieck's theory of the algebraic fundamental group allows us to 
identify H^^ (i?, Out(g)) with the set of conjugacy classes of n-tuples of com- 
muting elements of the corresponding finite (abstract) group Out(g) (recall 
that k is algebraically closed). This will be explained when we introduce 
loop torsors in ^6.11 This conjugacy class is an important cohomological 
invariant attached to any twisted form of g ®fc i?. 

It is worth to point out that the cohomological information is always 
about the twisted forms viewed as algebras over R (and not k). In practice, 
as the affine Kac-Moody case illustrates, one is interested in understanding 
these algebras as objects over k (and not R). We find in Theorem 19.11 a 
bridge between these two very different and contrasting kinds of mathemat- 
ical worlds. 

3. Some terminology 

If <S is an X~group, the pointed set of non-abelian Cech cohomology 
on the flat (resp. etale, resp. Zariski) site of X with coefficients in ©, is 
denoted by iJ)pp^(X, 0) [resp. i?]j(X, 6), resp. H\^^{X,&)]. These pointed 
sets measure the isomorphism classes of sheaf torsors over R under (5 with 
respect to the chosen topology (see [Mil Ch. IV §1] and |DG] for basic 
definitions and references). If X = Spec(i2), following customary usage and 
depending on the context, we also use the notation //^^^^(i?, 0) instead of 
-ff^ppj(X, 6). Similarly for the etale and Zariski site. 

If is flat and locally of finite presentation over X, then is necessarily 
smooth over X0 If furthermore is affine over X, by faithfully flat descent 
all of our sheaf torsors are represent able. They are thus torsors in the usual 
sense. Furthermore, the smoothness of yields that all torsors are locally 
trivial for the etale topology. In particular, H\^{X, 0) = Hj^^j^^X, 0). These 
assumptions on hold in most of the situations that arise in our work. 

^The ring Roo is a useful artifice that allows us to see all multiloop algebras based on 
a given g as subalgebras of one Lie algebra. 

■^Since X is of "characteristic zero", the geometric fibers of & are smooth by Cartier's 
theorem (DGl II. 6. 1.1]. The smoothness criterion on fibers |EGA4I 17.8.2], shows that 25 
is indeed smooth over X. 
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Given an X-group & and a morphisms 2) — > X of A;-schemes, we let ©sg 
denote the 2)-group (5 X;^ 2) obtained by base change. For convenience, 
we will under these circumstances denote most of the times H^^ (2) , ©sg ) by 

li S = Spec(L) where L is a field extension of k and © is an algebraic 
A;-group we we shall always write H^{L, <3) instead of Hl^{L, &). This is the 
"usual" Galois cohomology of the field L and group (3. 

The expression linear algebraic group (defined) over k, is to be understood 
in the sense of Borel p3or]. For a fe-group G, this is equivalent to requiring 
that G be affine of finite type ( [SGA3t Vis, 11-11]) because such a group 
is smooth by Cartier's theorem. The connected component of the identity 
of G, will be denoted by G°. If R is an object in k~alg we will denote the 
corresponding multiplicative and additive groups by Gm,R and Ga,_R. 

As it has probably become evident to the reader by now, we will use bold 
roman characters, e.g. G, g to denote /c-groups and their Lie algebras. 
The notation C5 and q will be reserved for i2-groups (which are usually not 
obtained from a fc-group by base change) and their Lie algebras. 

A reductive X~group is to be understood in the sense of |SGA3j . In 
particular, a reductive /c-group is a reductive connected algebraic group 
defined over k in the sense of Borel. 

We recall now two fundamental notions about reductive X-groups. 

3.1. Definition. Let & be a reductive X-group. We say that & is reducible 
if (5 admits a proper parabolic subgroup *P which has a Levi subgroup, and 
irreducible otherwise. 

We say that & is isotropic if (5 admits a subgroup isomorphic to Gm,x ■ 
Otherwise we say that © is anisotropic. 

We denote by Par(0) the X~scheme of parabolic subgroup of 0. This 
scheme is smooth and projective over X |SGA31 XXVI, 3.5]. Since by defi- 
nition © is a parabolic subgroup of when X is connected, to say that 
admits a proper parabolic subgroup is to say that Par(6)(X) 7^ {0}. 

3.2. Remark. If X is connected, to each parabolic subgroup ^ of S5 corre- 
sponds a "type" t = t(*p) which is a subset of the corresponding Coxeter- 
Dynkin diagram. Given a type t, the scheme Part(©) of parabolic subgroups 
of (5 of type t is also smooth and projective over X {ibid. cor. 3. 6). 

4. Preliminary I: The algebraic fundamental group. 

The following is a brief but nonetheless necessary summary of (mostly 
background) material from |SGAlj mentioned in [GP3j ■ Through this sec- 
tion X will denote a connected and locally noetherian scheme over k. The 
generalities about the fundamental group are followed by a detailed analysis 
of the case of X = Spec(i?„). This knowledge is essential for the concept of 
loop reductive groups which is central to the present work. 
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4.1. The algebraic fundamental group. Fix a geometric point a of X 
i.e. a morphism a : Spec(ri) — )■ X where Q is an algebraically closed field. 

Let Xfet be the category of finite etale covers of X, and F the covariant 
functor from X/et to the category of finite sets given by 

F(X') = {geometric points of X' above a). 

That is, -F(X') consists of all morphisms a' : Spec (Q) — )• X' for which the 
diagram. 

X' 




Spec (17) ^^X 

commutes. The group of automorphism of the functor F is called the alge- 
braic fundamental group of X at a, and is denoted by 7ri(X, a). The functor 
F is pro-representable: There exists a directed set /, objects (Xj)ig/ of Xfet, 
surjective morphisms ifij € Homx(Xj,Xj) for i < j and geometric points 
Oi € -F(Xj) such that 

The canonical map f : lirr^ Hom3£(Xj,X') — > F(X') is bijective. 

Since the X, are finite and etale over X the morphisms Lfij are affine. Thus 
the inverse limit 

X'^ = |im Xi 

exists in the category of schemes over X |EGA4] §8.2. For any scheme X' 
over X we thus have a canonical map 

Homp^o_x(2e'',X') =^ lin|, Homx(Xi,X') ~ F(X') 

obtained by considering the canonical morphisms ipi : X^'^ — > Xj. 

In computing X^'^ = |im Xj we may replace (Xj)jg/ by any cofinal family. 
This allows us to assume that the Xj are (connected) Galois, i.e. the Xj are 
connected and the (left) action of Autx(Xj) on -F(Xj) is transitive. We then 
have 

F{Xi) ~ Hompro_x(X''^Xi) ~ Homx(Xi,Xi) = Autx(Xi). 

Thus TTi (X, a) can be identified with the group |im AutxiXi)"^^ . Each Autx(Xi) 
is finite, and this endows vri(X, a) with the structure of a profinite topological 
group. 

Suppose now that our X is a geometrically connected A:-scheme. We will 
denote X A; by X. Fix a geometric point a : Spec(fe) — )■ X. Let a (resp. 
b) be the geometric point of X [resp. Spec(A;)] given by the composite maps 

a : Spec(fc) 4 X ^ X [resp. b : Spec(fc) 4 X ^ S_pec(fc)]. Then by [SGAli 
theoreme IX.6.1] tti ( Spec(A;), 6) ~ Gal(A;) := Gal{k/k) and the sequence 

(4.1.1) 1 ^ ^i(X,a) ^ 7ri(X,a) ^ Gal(A:) ^ 1 

is exact. 
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4.2. Case of a normal integral scheme. Assume now that our X is nor- 
mal and integral. Denote by k{X) its fraction field and let k{X)sep be a 
fixed separable closure of k{X). The structure of the fundamental group 
in this case goes back to Lang and Serre [LS] , A connected finite etale 
cover of X is normal |SGAH 9.11] and integral {ibid, 10.1). According 
to |EGA41 18.1.12], the functor 2) — )• /c(2)) provides an equivalence between 
the categories of finite etale connected covers of X and finite separable field 
extensions of k{X) inside k{X)sep which are unramified over X (i.e. the nor- 
malization of X in L is unramified over X); the quasi-inverse functor maps 
such field extension L/k{X) to the integral closure of X in L. 

The passage to the limit is done in jS GAH V.8.2]. The finite separable 
extensions of /c(X) inside k{X)sep which are unramified over X form a dis- 
tiguished class of subextensions so it makes sense to talk about the maximal 
subextension LSx of k{X)sep/k{X) which is unramified over X. The field 
LSx is the union of all finite subextensions unramified over X. By pass- 
ing to the limit, the simply connected covering of X is the integral closure 
of X in LSx- We take as base point a : Spec (A:(X)cjep) — Spec(fc(X)). 
Then the profinite group TTi{X,a) = Gal(LSx/k{X)) occurs as a quotient 
of Gal [k{X)sep/k{X)) . Note that in the case X = Spec(i?) with R local 
the simply connected covering X*'^ of X is Spec(i?^^) where R'^^ is the strict 
henselisation of R (see [Ra^ §X.2]). 

4.3. The algebraic fundamental group of We look in detail at an 
example that is of central importance to this work, namely the case when 
X = Spec(i?,i) where Rn = k[tf^, . . . ,t^^] is the Laurent polynomial ring 
in n-variables with coefficients in k. We refer the reader to |GP2] and |GP3] 
for details. 

The simply connected cover Rf^ of Rn is 

Rn,oo — lilJ^ Rn,m 

— — ±— ± — 

with Rn,m = k[ti in ""]• The "evaluation at 1" provides a geometric 

point that we denote by a. The algebraic fundamental group is best described 
as 

(4.3.1) 7ri(X,a) = Z(l)" X Gal(A:). 

where Z(l) denotes the abstract group |im^^^ A*m(^) equipped with the nat- 
ural action of the absolute Galois group Gal(A;). 

5. Preliminaries II: Reductive group schemes 

Let S) denote a reductive X-group. If T is a subgroup of the expression 
"T is a maximal torus of i3" has a precise meaning ([ SGA31 XII, Definition 
1.3]). A maximal torus may or may not be split. If it is, we say that T 
is a split maximal torus. This is in contrast with the concept of maximal 
split torus which we also need. This is a closed subgroup of Sj which is a 
split torus and which is not properly included in any other split torus of 
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f). Note that split maximal tori (even maximal tori) need not exist, while 
maximal split tori always do exist if R is noetherian. A good example to 
clarify the difference of these two notions is any reductive /c-group which is 
not split. Of course any split maximal torus is a maximal split torus (but 
not conversely, as we have just observed). 

If (3 < (5 are X-groups and s C g are their respective Lie algebra^, we 
will denote by Z^{&) [resp. ^g(s)] the centralizer of (3 in © [resp. of s in 
0]. 

We now recall and establish for future reference some basic useful facts. 

5.1. Lemma. Let S) be a reductive X-group and T a maximal torus of 9). 

(1) If X is connected then T contains a unique maximal split subtorus T^. 
Moreover, if % is isotrivial then for Zd to be non-trivial it is necessary and 
sufficient that there exists a non-trivial group homomorphism X — y ^m^X' 

(2) Let & C be a split torus and let € = Zfj{&) be its centralizer in f). 
Then (t is a closed reductive subgroup of S^. 

(3) Let (t = Zfj{<3) be as in (2). Then there exists a parabolic subgroup 
*P C such that <t is a Levi subgroup in 

Proof. (1) This is |S(^A3I XXVI, 6.5, 6.6]. 

(2) See |S(jA3[ XIX, 2.2]. 

(3) See |S(^A3[ XXVI, cor. 6.2]. □ 

5.2. Remark. Let C = Zj^((3) be as above. Let T be the radical of 
Assume that X is connected, and let C T be the maximal split subtorus 
of T. Since 6 is split we have 6 C T^. Note that if we are given additionally 
that © is a maximal split torus then 6 = T^. 

5.3. Lemma. Let & be a split torus ofS^, and let% be the radical torus of the 
reductive group C = Zs^{G). Assume that X is connected . Then Zsj{Zd) = ^■ 

Proof. Since T is the centre of C we have C C Z^-^{%). Also, the inclusions 
© C Id C T yield 

z^{%) c z^{%d) c z^{&) = e:. 

Altogether, we obtain 

(2:cz^(T) cz^(Trf) ce:, 

whence the result. □ 

5.4. Proposition. Let Sj be a reductive group scheme over X. Assume X is 
connected. Let & be a split subtorus of S) and let ^ be a parabolic subgroup 
of 9) containing Z^{&) as Levi subgroup. 

a) The following are equivalent: 
■^For a discussion of Lie algebras see SjS] 

^ Recall that the radical of a reductive 3£-group is the unique maximal torus of its 
centre |SGA3I XXII, 4.3.6]. 
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1) & is maximal split in Sj; 

2) © is maximal split in Z$j(&); 

3) The reductive group scheme Zs^{&)/G is anisotropic. 

b) The following are equivalent: 

4) The reductive group scheme Zs){&) has no proper parabolic subgroups. 

5) ^ is a minimal parabolic subgroup of S). 

c) We have (3) =^ (4). 

d) If 6 is the maximal split subtorus of the radical of Z^{G), we have (1) <^=^ 
(2) ^ (3) ^ (4) ^ (5). 

Note that Lemma 15.31 will allows us to assume in practice that we are 
under case d) of the Proposition, so that all five conditions are equivalent. 

Proof, a) (1) =^ (2) is obvious. 

(2) (1). Let So be a split subtorus of containing S. Then (3 C ©o C 
Z^{<S), hence S = So- 

(2) =^ (3). Let To be a split subtorus of Z^{&)/G. Then its preimage in 
Zj-,(S) is a split subtorus of Zj-,(S), so is S by the hypothesis. Thus Tq is 
trivial and Zf-|(S)/S is anisotropic. 

(3) ==?■ (2). Assume that S is not maximal, so that there exists a split 
subtorus Sq properly containing S. Then Sq/S is a a non-trivial split 
subtorus of the group scheme Z^{G)/G which is therefore isotropic. 

b) According to [ SGA31 XXVL1.20], there is a one-to-one correspondence 

I parabolics of included in*p| < > | parabolics 571 of Zx-,(S)| 

Thus the left handside consists of one element if and only if the right hand- 
side consists of one element, which shows that (4) and (5) are equivalent. 

c) If Z^(S)/S is anisotropic it is is a fortiori irreducible. But then Z^(S) 
is irreducible as well. 

d) Now we assume that S is the maximal split subtorus of the radical of 
Zf3(S) and we shall prove (4) (3). Our assumption is the irreduciblity 
of Z^(S), or equivalently, that of Zs^{&)/G . Let Tq be a split subtorus 
of Zj-^(S)/S. Since the semisimple part of Z^(S)/S is anisotropic Tq is 
contained in its radical. Then its preimage in Z^(S) is a split torus of the 
radical of Z^(S) which contains S, so it is S. Thus To = 1 and Zfj{G)/G 
is anisotropic as desired. □ 

5.5. Proposition. Let be a reductive group scheme over X. Assume X is 
connected. If Sj contains a split subtorus S with the property that the fiber 
&x is a non-central torus of S^x for some x of X, then S) contains a proper 
parabolic subgroup. 
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Proof. Let 6 be a split torus of Sj as in the Proposition, and let C = Z^(<3) 
be its centralizer in S). By Lemma [5rTT 2).(3) C is a closed reductive subgroup 
of S) and there exists a parabolic subgroup ^ C S) such that £ is a Levi 
subgroup of Since &x is non-central, we necessarily have ^ S). By 



5.6. Proposition. Let (S be an affine and smooth group scheme over X, & 
a subtorus of <3, and let g and 5 denote their respective Lie algebras. 

(1) There is a natural inclusion Z^{&) C ^©(s). Both of these functors 
commute with base change. 

(2) Z(g((3) is a smooth group scheme and Z^{s) a closed subgroup of & 
(in particular a group scheme). 



(4) If (3 is reductive and X is connected then Z|g(6) = ^©(s) and both of 
these are Levi subgroups of&. 

Proof. (1) This is easy to verify. See |SGA3l I and II 5.3.3]. 

(2) Z0{6) is smooth by |SGA31 XI cor 5.3]. Since 6 is smooth we can 
apply [SGA3t II cor. 4.11.8(ii] to conclude that s is locally a direct summand 
of 3. By |DGt II §2 prop 1.4] Z(^{s) is a closed subgroup of 6. 

(3) This is a particular case of |SGA3t Exp. II theo. 5.3. l(i)]. 

(4) We first look at the case of a base field. 

X = Spec(fc) and <3 simply connected: Then this is a result of Steinberg. 
See [St75l 3.3 and 3.8] and [St75i 0.2]. 

X = Spec{k) and & reductive: Embed <3 into SL„ for a suitable n. Then 



and we are reduced to the previous case 

In general, because of (1) and (2), we can proceed by etale descent. This 
reduces the problem to the case (3 C T C 6 where is a Chevalley group, 
T its standard split maximal torus and (3 is split. This sequence is obtained 
by base change to X from a similar sequence over k by |SGA3t VII cor. 
1.6]. Over k our equality holds. Since both centralizers commute with base 
change the result follows. □ 

6. Loop torsors and loop reductive group schemes 

Throughout this section X will denote a connected and noetherian scheme 
over k and G a /c-group which is locally of finite presentation!! 

6.1. Loop torsors. Because of the universal nature of X'^^ we have a natural 
group homomorphism 



Remark 13.21 y is proper. 



□ 



(3) Lie(Ze5(s)) = Zg(s). 



Ze{&) = © n ZsL„(6) and Ze(s) = 6 n Zsl„(s). 



(6.1.1) 




The case most relevant to our work is that of the group of automorphism of a reductive 
fc-group. 
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The group 7ri(jC, a) acts on k, hence on G(A;), via the group homomor- 
phism 7ri(X, a) — )• Gal (/c) of (j4.1.ip . This action is continuous, and together 
with ()6.1.ip yields a map 

H\7ri{X,a),G(k)) H\-Ki{X,a),G{X"')) , 

where we remind the reader that these are defined in the "continuous" 
sense (see Remark 16.21 immediately below). On the other hand, by |GP3t 
prop. 2. 3] and basic properties of torsors trivialized by Galois extensions, we 
have 

i7i(7ri(X,a),G(X^'=)) = lin^ i/^ (Autx(Xi), G(Xi)) 

= lju^ Hi{Xi/X,G) C Hi{X,G). 

6.2. Remark. Here and elsewhere when a profinite group A acts discretely 
on a module M the corresponding cohomology {A, M) is the continuous 
cohomology as defined in [Selj. Similarly, if a group H acts in both A and 
M, then Hom/f(A, M) stands for the continuos group homomorphism of A 
into M that commute with the action of H. 

By means of the foregoing observations we make the following. 

6.3. Definition. A torsor (S over X under G is called a loop torsor if its 
isomorphism class [C] in Hl^{X,G) belongs to the image of the composite 
map 

H\Tri{X,a),G(k)) ^ H\TTi{X,a),G{X'^)) C Hlt{X,G). 

We will denote by Hl^^p{X, G) the subset of Hl^{X, G) consisting of classes 
of loop torsors. They are given by (continuous) cocycles in the image of the 
natural map (7ri(X, a), G(fc)) Zj^{X,G), which we call loop cocycles. 

This fundamental concept is used in the definition of loop reductive groups 
which we will recall momentarily. As we shall see, loop reductive groups play 
a central role in our conjugacy theorem^ 

The following examples illustrate the immensely rich class of objects that 
fit within the language of loop torsors. 

6.4. Examples, (a) If X = Spec (A;) then ///^^^(X, G) is nothing but the 
usual Galois cohomology of k with coefficients in G. 

(b) Assume that k is algebraically closed. Then the action of 7ri(jC, a) on 
G{k) is trivial, so that 

H^{TTi{X,a),G(k)) = Hom(7ri(X,a),G(fc))/IntG(A?) 

where the group Int G{k) of inner automorphisms of G{k) acts naturally on 
the right on Horn (7ri(X, a), G(A;)) . To be precise, lnt{g){(p) : x — )• g~^(p{x)g 

^The concept of loop torsors and loop reductive group were introduced in [GP3| among 
other things to gain better understanding of the "right" concept of EALAs over non closed 
fields. 
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for all g € G{k), (f) G Horn (vri(X, a), G(/c)) and x € 7ri(X, a). Two particular 
cases are important: 

(bl) G abelian: In this case i/^ (7ri(X, a), G(A;)) is just the group of con- 
tinuous homomorphisms from 7ri(X, a) to G{k). 

(b2) 7ri(X,a) = Z(l)" : In this case (7ri(X, a), G(fc)) is the set of 
conjugacy classes of n-tuples a = (fii, . . . , (T„) of commuting elements of 
finite order of G(A:)0 

This last example is exactly the setup of multiloop algebras, and the 
motivation for the "loop torsor" terminology. 

6.5. Geometric and arithmetic part of a loop cocycle. By means of 
the decomposition (j4.1.ip we can think of loop cocycles as being comprised 
of a geometric and an arithmetic part, as we now explain. This material will 
be needed to establish the "density results" used in the proof of the main 
conjugacy theorem. It is included to facilitate the reading of the paper@ 

Let 7] ^ a), G(A;)) . The restriction ri\Ga\{k) is called the arithmetic 

part of r] and it is denoted by t?"^'. It is easily seen that r/"^^ is in fact a 
cocycle in ( Gal(A;), G(fc)) . If is fixed in our discussion, we will at times 
denote the cocycle r;"'" by the more traditional notation z. In particular, for 
s G Gdl{k) we write Zg instead of Vjf. 

Next we consider the restriction of rj to 7ri(X, a) that we denote by rj^^" 
and called the geometric part of r/. 

We thus have a map 

e : Z^{'Ki{X,a),G{k)) > Z^{Ga[{k),G(k)) x Hom a), G(fc)) 

The group Gal(A;) acts on 7ri(X,a) by conjugation. On G{k), the Galois 
group Gal(/c) acts on two different ways. There is the natural action arising 
for the action of Gal(A;) on A;, and there is also the twisted action given by 
the cocycle 77"'" = z. Following standard practice to view the abstract group 
G{k) as a Gal(/c)-module with the twisted action by z we write zG{k). 

6.6. Lemma. The map described above yields a bijection between 
Z^(Tri{X,a),G{k)^ and couples {z,rj^^°) with z G Z"^ (7ri(X, a), G(A;)) and 
r?5- G HoniGaKfc) (vri(l, a), ,G(fc)) . 

Proof. See Lemma 3.7 of |GP3] . □ 

6.7. Remark. Assume that X = Spec(i2„). It is easy to verify that rj^^" 
arises from a unique A;-group homomorphism 

00/i = (lim/i^) zG 



That the elements are of finite order follows from the continuity assumption. 
'The reader is referred to [GP3] for more details 
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We finish this section by recahing some basic properties of the twisting bi- 
jection (or torsion map) Tz : H^{X, (S) — > H^{X, 2©). Let r] ^ (vri(X, a), G{k 
and consider its corresponding pair Q{r]) = (z, r]^^°). We can apply the same 
construction to the twisted fc-group ^G. This would lead to a map 0^ that 
will attach to a cocycle ry' G Z-*^ (7ri(X, a), 2G(A;)) a pair (z',r]'^^°) along the 
lines explained above. 

6.8. Lemma. Let rj € Z-^ (7ri(X, a), G(/c)) . With the above notation, the 
inverse of the twisting map |Sel] 

: Z\7ri{X,a),G(k)) ^ Z\7T^{X,a), zG(k)) 

satisfies o t-^t]) = (1, r^s^o). □ 

6.9. Remark. The notion of loop torsor behaves well under twisting by 
a Galois cocycle z G ( Gal(A:), G(A;)) . Indeed the torsion map : 
Hj^{X, G) — > HI^{X, 2G) maps loop classes to loop classes. 

6.10. Loop reductive groups. Let be a reductive group scheme overX. 
Since X is connected, for all x E X the geometric fibers 9)x are reductive 
group schemes of the same "type" |SGA3l XXII, 2.3]. By Demazure's theo- 
rem there exists a unique split reductive group Hq over k such that is a 
twisted form (in the etale topology of X) of S)q = Hq X. We will call Hq 
the Chevalley k-form of S). The X-group Sj corresponds to a torsor (B over 
X under the group scheme Aut(i5o), namely <B = Isonigr{S^o,Sj). We recall 
that Aut(^o) is representable by a smooth and separated group scheme 
over X by jSGASl XXII, 2.3]. It is well-known that S) is then the contracted 
product (£ A^"*(^^o) Sjq (see [DG] III §4 n°3 for details). Given i^, in what 
follows we may denote Hq simply by H. 

We now recall one of the central concepts needed for our work. 

6.11. Definition. We say that a group scheme over X is loop reductive 
if it is reductive and if <E is a loop torsor. 

7. Preliminaries III: Reductive group schemes over a normal 

NOETHERIAN BASE 

We begin with a useful variation of Lemma [5.31 under some extra assump- 
tions on our connected base fc-scheme X. Let *P C be a parabolic subgroup 
which admits a Levi subgroup £ C As above we denote by T the radical 
of £ and by C T the maximal split subtorus of T. 

7.1. Lemma. Assume that X is normal noetherian and integral. Let Sj he 
a reductive X-group. Then there exists an etale cover {iii)i=i,..,i — ^ ^ such 
that : 

(i) S) Xxiii is a split reductive iii -group scheme, 

(a) iii = Spec(-Rj) with Ri a normal noetherian domain. 



'The existence of £ is automatic if the base scheme is afBne by [SGA31 XXVL2.3] 
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Proof. Since X is normal noetherian, is a locally isotrivial group scheme 
|SGA31 XXIV.4.1.6]. We can thus cover X by affine Zariski open subsets 
Xi, . . . ,Xi such that there exists a finite etale cover Q3j — )• Xj for z = 1, .., / 
which splits f). For each i, choose a connected component itj of QJj. Accord- 
ing to the classification of etale maps over X (see |EGA4l 18.10.12] and also 
§4.2[) . we know that ilj is a finite etale cover of Xi and that ilj = Spec(i?j) 
where Ri is a normal domain. Since Ri is finite over the noetherian ring 
H^{Xi,Ox), it is noetherian as well. □ 

7.2. Remark. If X is local, one single iU suffices, i.e. we may assume that 
/ = 1. 

7.3. Proposition. Assume that X is normal and noetherian. Let ^ he a 
reductive X-group, *P C he a paraholic subgroup and 2 C ^ a Levi sub- 
group. Let T be the radical of £ and C 1- its maximal split subtorus. 
Then Zf,{1d) = £. 

Proof. The existence of follows from Lemma (5.1( 1). Since T is the centre 
of £ we have £ C Z^{%). The inclusion C T yields Z^{%) C Z^-^{%d)- 
Thus we have £ C Zs^^l-d)- By the Lemma below and by |SGA3( XXVI, 
prop. 6.8] the above inclusion is an equality locally in the Zariski topology, 
whence equal globally. □ 

7.4. Lemma. Assume X = Spec(i?) is affine and as in the Proposition!^ 
Let X & X and consider the localized ring R^. Then {1^d)Rx is the maximal 
split suhtorus of%R^. In particular, if K denotes the quotient field of R then 

K is the maximal split suhtorus ofZxjiK. 

Proof. It suffices to show that {1^d)K is the maximal split subtorus of Ik- 
We may assume the R is local. By Remark l7.2l there exists a Galois extension 
R/R that splits T. Recall that T is determined by its lattice of characters 
equipped with an action of Gal (R/R), and that corresponds to the 
maximal sublattice in ^(T) stable (elementwise) with respect to Gal {R/R). 
Similar considerations apply to Tx- It remains to note that %k and T have 
the same lattices of characters and that Gal(i?/i?) ~ Gai{K / K) by |Bbk[ 
Ch5 §2.2 theo.2]). □ 

7.5. Proposition. Let & be a reductive group over a normal ring R con- 
taining a proper paraholic subgroup Then & contains a split non-central 
subtorus Gm,R- 

Proof. We may assume that & is semisimple. Since the base is affine ^ 
contains a Levi subgroup £ as we have already observed. 

Let T be the radical of £. By [SGA31 XXVI, lemme 6.7] there exists a 
nontrivial morphism T — )• Gm- Since R is normal ibid, lemme 6.6 shows 
that the torus T contains a split subtorus Gm r- D 



of our normal rings are hereon assumed to be integral domains. 
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7.6. Corollary. For a reductive group scheme over a normal ring R to 
contain a proper parabolic subgroup it is necessary and sufficient that it 
contain a non-central split subtorus. 

Proof. This follows from Propositions 15.51 and 17.51 □ 

7.7. Lemma. Let 2H be a finite etale R-group with R normal. Let K be the 
field of quotients of R. Then 

(1) The canonical map 

X:Hi{R,W)^H\K,WK) 

is infective. 

(2) Hl^^{R,W) = l. 

Proof. (1) Because of the assumptions on 2IT we can compute Hl^(R,W) as 
the limit of Hj^{S/R,^nJ) with S a connected finite Galois extension of R. 
Let r = Gal{S/R). It is well-known that 213 corresponds to a finite group W 
together with an action of the algebraic fundamental group of R, and that 
Hl^{S/R,W) = H\T,W{S)) (see [SGAli XI §5]). 

If L denotes the field of quotients of S then L /K is also Galois with Galois 
group naturally isomorphic to F as explained in [Bbkl Ch.5 §2.2 theo. 2]. 

Our map x '■ Hj^{R,W) — > H\^{K,'Wk) is obtained by the base change 
K/R. By the above considerations the problem reduces to the study of the 
map 

X : (r, W{S)) (r, W{S K)) 

when passing to the limit over S. Since R is normal by |EGA4t 18.10.8 and 
18.10.9] we have S K = L. On the other hand for S sufficiently large 
2D(S) = W = 2n(L). The compatibility of the two Galois actions gives the 
desired injectivity. 

(2) It is clear that F^„^(i?,2B) is in the kernel of x- □ 

7.8. Remark. Recall that if Pic(ii) = 1 a reductive group scheme (5 over R 
of rank i is split if and only if it contains a split torus of rank i by [SGA3t 
XXII, prop. 2.2]. 

7.9. Proposition. Let & be a split reductive group scheme over R. Assume 
that R has trivial Picard group. Then any two split maximal tori % and T' 
of & are conjugate under &{R). 

Proof. Consider the transporter functor Trans© (T, T'). It is represented by 
a closed subscheme of 6 f |SGA3[ XXII, theo. 5.3.9]) which is a iVe(T)- 
torsor f |SGA3l XXII, cor 5.3.11]). Let ^ G H^{R,N^{1)) be the corre- 
sponding element and let 2IJ = A^e(T)/T (the Weyl group, which is a finite 
constant i?-group since T is split). Locally (for the Zariski topology) T and 
T' are conjugate by |SGA31 XXVI, prop. 6.16]. Hence ^ is locally triv- 
ial. By Lemma [7771 its image under the canonical map H^^j.{R, N(^{1)) — > 
Hl^^{R,W) is trivial. Hence ^ comes from H^{R,%). Since Pic(i2) = 1 and 
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since T is ii-split we conclude ^ = 1. It follows that Trans© (T, T')(i?) 7^ 
0. □ 

7.10. Proposition. Let & be a split reductive R-group. Assume that R 
has the property that H^^^.{R, 2) = 1 for all split reductive groups £0 Let 
& C & be a split torus. Then there exist split maximal torus of (5 containing 

e. 

Proof. Let T C be a split maximal torus and let C = ^©(S). We know 
from Lemma I5.ir 2).(3) that C is a Levi subgroup of a parabolic subgroup, 
say From Lemma 15.31 it follows that there exists a subtorus T' C T such 
that Zg(T') is a Levi subgroup of a standard parabolic subgroup, say 
containing T and having the same type as 

We first claim that *P and are conjugate under (5{R). Indeed, the 
functor Trans© *p) is represented by a scheme which is a principal ho- 
mogeneous space under N(s{^') = hence it corresponds to an element 
[C] e Hl^{R,Vp'). By ([SGA3, XXVI, cor. 5.5]) for every prime ideal 
p C R after the base change R ^ Rp the groups and are conjugate 
by an element in (5(i?p). This implies that [^] G H^^^{R,^'). Since is 
the semidirect product of its (split) unipotent radical and the Levi subgroup 
£ = Z|5(T'), we conclude that ^ is equivalent to a locally trivial torsor under 
£. Since £ is a split reductive group we have H^^^{R, £) = 1 by assumption, 
hence the claim. 

Without loss of generality we may thus assume that 6 C . It then 
follows that Z<s{e) C q?' is a Levi subgroup in qj'. By |SGA3l XXVI, cor. 
1.8], Z(g{6) and Z,g[^') are conjugate under (5(i?). Thus, up to conjugacy, 
we may assume that (3 is a central subtorus of Z^{%'). This of course implies 
that (3 is contained in T. □ 



8. AD AND MAD SUBALGEBRAS 

Let R be an object in k-alg and © be an iJ-group, i.e a group scheme 
over R. Recall (see [DG] II §4.1) that to we can attach an i?-functor on 
Lie algebras £ie(©) which attaches to an object S of R~alg the kernel of the 
natural map ©(^[e]) — > (3{S) where 5[e] is the algebra of dual number over 
S. Let Lie(©) = £ie(0)(-R). This is an i?-Lie algebra that will be denoted 
by in what follows. 

8.1. Remark. If <3 is smooth, the additive group of Lie(©) represents 
£ie(6), that is £ie(©)(5') = Lie(6) S as S-Lie algebras (this equality is 
strictly speaking a functorial family of canonical isomorphisms). 

If S is in R-alg, g € &{S) and x G £ie(0)(5), then gxg''^ G £ie(6)(5) 
This last product is computed in the group (5(5[e]) where g is viewed as 
an element of 0(5[e]) by functor iality. The above defines an action of & on 



For example R = R„. See [GP2l Cor. 2.3]. 
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Zu{<5){S), called the adjoint action and denoted hy g i-^ Ad((7). This action 
in fact induces an i?-group homomorphism 

Ad : ^ 2lut((£ie(6)) 

whose kernel is the centre of &. 

Given a /c-subspace F of g consider the i?-group functor Z(g{V) defined 

by 

(8.1.1) Z&{V) -.S^ige 6(5) : M{g){vs) = vg for every v (^V) 

for all S in R-alg, where vs denotes the image of v in g ®r S. 

We will denote by RV the -R-span of V inside g, i.e. RV is the R- 
submodule of g generated by V . 

8.2. Remark. Note that Z<s{V) = Z<s{RV). This follows from the fact that 
the adjoint action of C5 on g is "linear" (in a functorial way). 

We now introduce some of the central concepts of this work. 

A subalgebra m of the A:-Lie algebra g is called an AD subalgebra if g 
admits a A:-basis consisting of simultaneous eigenvectors of m, i.e. there 
exists a family (Aj) of functionals Aj € m*, and a A;-basis {vi of g such 
that 

[h, Vi] = {Xi,h) Vi for all h £ m. 
A maximal AD subalgebra of g, namely one which is not properly included 
in any other AD subalgebra of g is called a MAD of gF^ 

8.3. Example. Let G be a semisimple Chevalley /c-group and T its standard 
maximal split torus. Let h be the Lie algebra of T; it is a split Cartan 
subalgebra of g. For all R we have g := Lie(GR) = g <Sik R- Assume that R 
is connected. Then m = h 1 is a MAD of g by |Pll cor. to theo.l(i)]. We 
have ZG^(m) = T/j. 

Note that m is not its own normalizer. Indeed -/Vg(m) = ^g(tn) = h 0^ R. 
Thus h (8) 1 is not a Cartan subalgebra of g in the usual sense. However, in 
infinite dimensional Lie theory-for example, in the case of Kac-Moody Lie 
algebras-these type of subalgebras do play the role that the split Cartan 
subalgebras play in the classical theory. This is our motivation for studying 
conjugacy questions related to MADs. 

8.4. Remark. Let 5 be an abelian Lie subalgebra of g. Let mi and m2 be 
two subalgebras of s which are AD subalgebras of g. Because s is abelian 
their sum mi + m2 is also an AD subalgebra of g. By considering the sum 
of all such subalgebras we see that s contains a unique maximal subalgebra 
m(s) which is an AD subalgebra of g. Of course this AD subalgebra need 
not be a MAD of g. 

We will encounter this situation when s is the Lie algebra of a torus & 
inside a reductive group scheme (5. In this case we denote m(s) by m(S). 



It is not difficult to see that any such m is necessarily abelian, so AD can be thought 
as shorthand for abelian fe-diagonalizable or ad fc-diagonalizable. 
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8.5. Remark. Let m be an AD subalgebra of g. Then for any extension 
S/ R in k-alg the image m 1 of m in g (8)r S is an AD subalgebra of g <Sir S. 
Indeed if x G m and w G g are such that [x,v] = Xv for some A G A;, then 
[x ^ l,v iSi s] = ® As = X{v (8) s) for all s £ S. Thus g (8)_r S is spanned as a 
/c-space by common eigenvectors of m (8> 1 . Note that if the map g ^ g (8>_r S 
is injective, for example if S/R is faithfully flat, then we can identify m with 
m 1 and view m as an AD subalgebra of g (^i? S. 

The main thrust of this work is to investigate the question of conjugacy 
of MAD subalgebras of g when g is a twisted form of g^fc Rn- The result we 
aim for is in the spirit of Chevalley's work, as explained in the Introduction. 
In the "untwisted case" the result is as expected. 

8.6. Theorem. All MADs of g®k Rn o,re conjugate to h(8) 1 under G(i?„). 

□ 

This is a particular case of Theorem 1 of [Plj by taking Cor 2.3 of jGP2] 
into consideration. The proof is cohomological in nature, which is also the 
approach that we will pursue here. As we shall see, the general twisted case 
holds many surprises in place. 

We finish by stating and proving a simple result for future use. 

8.7. Lemma. Let G he a semisimple algebraic group over a field L of char- 
acteristic 0. Let T C G be a torus and be the (unique) maximal split 
subtorus of T. Set g = Lie (G), t = Lie (T) and id = Lie (T^). Then 

(i) The adjoint action of T^ on g is L~diagonalizable. In particular, is 
an AD subalgebra of g. 

(ii) id is the largest subalgebra of i satisfying the condition given in (i). 

Proof. Part (i) is clear. As for (ii) we may assume that G is semisimple 
adjoint. Let T^ be the largest anisotropic subtorus of T. The product 
morphism T^^ x — > T is a central isogeny, hence t = ® ta where 
ia = Lie (Ta). We must show that ia does not contain any nonzero element 
whose adjoint action on g is L~diagonalizable. Let h be such an element. 
Fix a basis {vi, . . . ,Vn} of g and scalars Aj G L such that 

[ /i, ] = XiVi V 1 < i < n. 

By means of this basis we identify GL (g) with GL^^^. Consider the adjoint 
representation diagrams 

T ^ G ^ GL(g) ~ GLn,L 

and 

t-^ g ^ g[(g) ~ qI^^l- 
Since G is of adjoint type Ad is injective, so that we can identify T with a 
subtorus, say T, of Ghn^L- Similarly for and T^. Since T ~ T we see 
that Trf and are the maximal split and anisotropic parts of T. 
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Let D„ be the diagonal subgroup of Ghn^i- By construction we see that 

adg(/i) G Lie (D„) n Lie (T«) = Lie (D„ n T„), 

this last by [Hu'j Theorem 12.5] since k is of characteristic 0. Thus D„ n Tq 
has dimension > 0. But then the connected component of the identity of 
D„ n T(j is a non-trivial split torus which contradicts the fact that is 
anisotropic. 

□ 

9. The correspondence between MADs and maximal split tori 

Throughout this section R will denote an object of k~alg such that X = 
Spec(ii) is integral and noetherian. The purpose of this section is to establish 
the following fundamental correspondence. 

9.1. Theorem. Let & he a semisimple simply connected R-group and q its 
Lie algebra. Assume that R is normal integral and noetherian. 

(1) Let m be a MAD subalgebra of q. Then ^©(m) is a reductive R-group 
and its radical contains a unique maximal split torus & (m) of <3 . 

(2) Let & is a maximal split torus of(d, and let m((3) be the unique maximal 
subalgebra of Lie algebra Lie (6) which is an AD subalgebra of Q (see Remark 
\8.4l l- Then m{&) is a MAD subalgebra of g. 

(3) The process tn — )• &{m) and & — )• m((3) described above gives a bijection 
between the set of MAD subalgebras of g and the set of maximal split tori of 
&. 

(4) If m and m' are two MAD subalgebras of q, then for m and m to be 
conjugate under the adjoint action of it is necessary and sufficient 
that the maximal split tori 6(m) and &{m') be conjugate under the adjoint 
action of (6[R) on q. 

9.2. Remark. Since 6 is split we have Lie (6) = X(6)° (g)^ where X(6)° 
is the cocharacter group of (3. As we shall see in the proof of Lemma 19.51 

m{&)=X{Gf®^k. 

The proof of the Theorem will be given at the end of this section after a 
long list of preparatory results. 

We begin with some general observations and fixing some notation that 
will be used throughout the proofs of this section. Since X is connected all 
geometric fibers of 65 are of the same type. Let G be the corresponding 
Chevalley group over k and g its Lie algebra. 

9.3. Lemma. Let m he an AD subalgebra of q. Then 

(1) dimfc(m) < rank(g). In particular any AD subalgebra of Q is included 
inside a MAD subalgebra of g. 

(2) The natural map m (8>a; i? — > iim is an R-module isomorphism. In 
particular Rm is a free R-module of rank = dimfc(m). 
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(3) Let {vi, . . . ,Vm} be a k-basis ofm. For every x £ X the elements (8) 1 G 
(Siij, Rx are Rx-linearly independent. Similarly if we replace Rx by K or 
any field extension of K. 

Proof. The three assertions are of local nature, so we can assume that R 
is local. We will establish the Lemma by first reducing the problem to the 
split case. According to Remark lT. 21 there exists a finite etale extension R/R 
with the following properties 

(i) R is integral and normal, 

(ii) © x^^~G^ , 

Note the following facts: 

(iii) the canonical map 0^0 ®r R ^ g (Sik R injective, 

(iv) if {vi, . . . ,Vm} are A;~linearly independent elements of tn which are 
i?-linearly dependent, then the image of the elements {vi, . . . ,Vm} on 
Lie(© x/j i?) ~ g (gifc R are fc-linearly independent and are i?~linearly de- 
pendent. 

Let K be the field of fractions of R. By Remark 18.51 the image of m under 
the injection 0^0 (E>r -R ~ g (8>fc i? is an AD subalgebra of g R- By |PH 
theo.l.(i)] the dimension of m is at most the rank of g. This establishes (1). 

As for (2) and (3), the crucial point-as explained in |P1[ Prop. 4]-lies in 
the fact that the image m of m under the injection 

Q^Q®RR'^g®kR^g®K 

sits inside a split Cartan subalgebra % of the split semisimple iiT-algebra 
g K. Consider the basis {cji, . . . ,0;^} of % consisting of fundamental 
coweights for a base ai, . . . , of the root system of (g ®k K, %). Let 1 < 
n < m be such that \vi, . . .Vn} is a maximal set of i^T-linearly independent 
elements of g(i^). To establish (2) and (3) it will suffice to show that n = m. 

Assume on the contrary that n < m. Write Vi = 'Y^CjiCoj with cu, . . . ca 
in K. The fact that the eigenvalues of ad^^j^^(vi) belongs to k show that the 

Cji necessarily belong to k. Indeed Vi acts on g^K)^^ as multiplication by 
the scalar cji. 

Let V = Vn+i- Write v = o^i^i with ai, . . . , in K. Let Cjn+i = Aj. 
Then < aj.,v >= Xj and 

j i j 

and therefore for all 1 < j < £ 
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Write K = /c © as a fc-space and use this decomposition to write 
di = di + Wi . Then 

i 

A straightforward calculation shows that < aj,v — YlidiVi >= for all 
j. This forces 

f „+i = u = ^ diVi 

i 

which contradicts the linear independence of the v'^s over k. □ 

9.4. Remark. Let S < © be a split torus. Then there exist characters 
Aj : (3 — > Gm,R for 1 < i < / such that 

I 

= 

i=l 

where 

Qx, = {v£q: Ad{g)v = Xi{g)v V<7 G 6(i?) }. 
At the Lie algebra level the situation is as follows. Let s = Lie ((3) C g. 
Then 5 C 6(i?[e]). We avail ourselves of the useful convention that if s € s 
then to view s as an element of <3(i?[e]) we write e^^. There exist unique 
i?~linear functionals dXi : 5 — )■ such that 

Xi{e'') = l + dXi{s)e G ii[e]^ = G™,jj(i?[£]). 
Then for s € 5 and v ^ qx- we have the following equality in q 
(9.4.1) [s,v] = dX^{s)v. 

9.5. Lemma. Consider the restriction Ad© : © Gl (g) of the adjoint rep- 
resentation of to G. There exists a finite number of characters Ai, . . . , A; 
of (3 such that 

I 

= Sa, 

i=l 

The Xi are unique and 

m{6) = {s eUe{&) c6{R[e]) : dXi{s) e k}. 

Furthermore 

dimfc(m(©)) = rank(6) = rank R_^od{Rm{6)) 
and Lie(6) = Rm{e). 

Proof. We appeal to the explanation given in Remark 19.41 Let 

n = {s G s : dXi{s) ek^i}. 

Then ()9.4.ip shows not only that n C s is an AD subalgebra of g, but in fact 
that m{&) C n. By maximality we have m((3) = n as desired. 

We now establish the last assertions. Let n be the rank of (3, so (3 ~ 
and the character lattice X{6) of 6 is generated by the projections 
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TTi : GJ^ ^ — )• Gm,R- Since the kernel of the adjoint representation of & 
is finite the sublattice of X{&) generated by Ai, . . . , has finite index; in 
particular every character vr of 6 can be written as a linear combination 
TT = aiAi + • • • + aiXi with rational coefficients ai, . . . ,ae and hence dir = 
aidXi + • • • + andXg. Similarly vr can be written as tt = oivri + • • • + a^vr^ 
with ai, . . . , a„ € Z and we then have dn = aidvri + ■ ■ ■ + andiin- It follows 
that 

m(6) = {sGs : dXi{s)ekyi} 

= {s Gs : diris) GkWe X(6) } 
= {sGs : dTTi{s) G k yi}. 

The identification 6 ~ GJ^ ^ induces the identification s ~ R- '^^^ 
above equalities yield 

m(6) ~ : SjG/cVi}, 

hence the last assertions follow immediately. □ 

9.6. Proposition. Let m be an AD subalgebra of q. Then the submodule 
Rm is a direct summand of q. 

Proof. Let M = Q/Rm. Assume for a moment that M is a projective R- 
module. Then the exact sequence 

— y Rm — — > M — ^0 

is split and the Proposition follows. 

Thus it remains to show that M is a projective i?-module or, equivalently, 
that for every prime ideal x of R the localized Rx-uiodule is free. Since 
localization is a left exact functor, and by Lemma [9.3l we have {Rm)x = Rx^ 
the sequence 

Rxxn ^QR^^Mx^O 
is exact. By Lemma 19.3( 3). the elements 

(g) 1, . . . , Vm, (8) 1 G Rxm C Q'S>R Rx = Qx 

and the module Qx satisfy the variation of Nakayama's lemma stated in 
[Lam] Cor 1.8. Hence RxXn is a direct summand of g and this implies that 
Mx is free. □ 

9.7. Proposition. Letm he an AD subalgebra of q. Then ^©(m) is an affine 
R-group whose geometric fibres are (connected) reductive groups. 

Proof. By Proposition 19. 61 -Rm is a direct summand of g. It follows from |DG| 
II §Prop.l.4 that Z©(i?m) = Z^im.) is a closed subgroup of 6. In particular, 
Zis{m) is an affine scheme which is of finite type over Spec(-R). 

Let X G Spec(i?) be a point and let k{x) be an algebraic closure of k(x). 
Since the functor ^©(m) = Z(^{Rm) commutes with base change to verify 
the nature of its geometric fibers Z@{m){x) we may look at 

Zis(Rm) k{x) = Z,s(x){k{x) m(x)) 
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where (5{x) = & k{x) and m(x) is the image of m under (8>_r k{x). 

Thus we may assume without loss of generahty that the ground ring is a 
field. By results of Steinberg ( [St751 3.3 and 3.8] and |St751 0.2]) we conclude 
that Z|g(m)(x) is connected and reductive. □ 



9.8. Flatness of Z|5(tn). Fix a split Cartan subalgebra h of g. With respect 
to the adjoint representation ad : g — >• Endfc (g) we have the weight space 
decomposition 

g = ©QGS ga 

where a : h — )• A; is a linear function such that the corresponding eigenspace 
ga is non-zero. The kernel of the adjoint representation is trivial, dimgo, = 1 
if a 7^ and go = h. 

9.9. Lemma. Let a ch. be a subalgebra. Then: 

(1) The centralizer Zg^{a) is a reductive Lie algebra whose centre is con- 
tained in h. 

(2) If a ^ a. is in generic position then ^g(a) = Zg{a). 

Proof. (1) The centralizer of a is generated by h and those g^ for which 
a{x) = for every x G a. It is a well-known fact that this algebra is 
reductive. 

(2) The inclusion C is obvious. Conversely, the centralizer of a is gener- 
ated by h and those g^ for which a{a) = 0. Since a is generic all such roots 
a also satisfy a{x) = for all x € a. □ 

9.10. Lemma. Let & k, a £ T,. Then there exists at most one element 
/i € h such that a{h) = aa. 

Proof. Since the kernel of the adjoint representation of g is trivial the result 
follows. □ 

9.11. Lemma. Let S be an object of k-alg. Let w € h (gifc S be an ad k- 
diagonalizable element of g ®k S. If S is an integral domain then w € h. 

Proof. Let F be a field of quotients of S and view v as an element of g (8)fc -F"- 
The eigenvalues a^ of v with respect to the adjoint representation are a^ = 
a{v). By assumption they all belong to k. Thus the nonhomogeneous linear 
system a{x) = Oq,, a G S, has a solution over F, namely v. Since the 
coefficients of this system of equations are in k it also has a solution over k 
[see the proof of Lemma [9T3l f2)]. By Lemma [9.101 such a solution is unique, 
hence w G h. □ 

9.12. Remark. The Lemma fails if S is not connected (hence not integral), 
but we do not know if connected instead of integral is the right hypothesis 
to make. Consider for example g = s[2 and S = k x k. Let h, e, f be the 
standard generators of 5I2. Then f = /i (g) (1, 0) is an ad fc-diagonalizable 
element of which is not inh~h(8)(l,l). 
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Fix an arbitrary element /i G h. Recall that G acts on g by conjugation 
and it is known that the orbit Oh = G ■ /i is a Zariski closed subset of g 
(because /i is a semisimple element). Let L C G be the isotropy subgroup 
of /i in G. It is known that L is a reductive subgroup and we have an exact 
sequence 

1 ^ L — ^ G A G/L 1 

in the fppf topology of jC = Spec(ii). 

The algebraic fc-varieties Oh and G/L have as distinguished points h 
and the coset e = 1 • L respectively. The group G acts on both Oh and 
G/L in a natural way and there exists a natural G-equivariant isomorphism 
A : Oh — G/L which takes h into e (see |Bor| for details). Hence if R is an 
object in k-alg and x G OhiR), then x and h are conjugate by an element 
in G(i?) if and only if A(x) £ G{R) ■ e. 

We now return to our simply connected semisimple i?-group (S and its 
Lie algebra q 

9.13. Lemma. Let m be an AD subalgebra of q. The affine scheme Zig(m.) 
is flat over Spec(i?). 

Proof. That Z^(m) is an affine scheme over R has already been established. 
Since flatness is a local property it will suffice to establish the result after 
we replace R by its localization at each element of X. Lemma 17.11 provides 
a finite etale connected cover R/R which splits (5. By replacing by we 
reduce the problem to the split case. Summarizing, without loss of generality 
we may assume that <5 = Gx^R, Q = g(8>A:-R := gi? and i? is a local domain. 

As observed in Lemma l9. 31 m is contained in a split Cartan subalgebra H 
of g (8>fc := gK- Fix a generic vector t> G m C g^. Let {a^, a G S } be 
the family of all eigenvalues of v with respect to the adjoint representation 
of gK- Clearly, Oa £ k for every a G S (because m is an AD subalgebra of 

9.14. Sublemma. There exists a unique vector /i G h whose eigenvalues 
with respect to the adjoint representation are {oa, a G S}. Moreover if v 
and h are viewed as elements of gx, then they are conjugate under G{K). 

Proof. Uniqueness follows from Lemma [9. 101 As for existence, we note that 
Ti and hx are conjugate over K, hence h^^ clearly contains an element with 
the prescribed property. By Lemma [9.11 1 this element is contained in h. The 
conjugacy assertion is by the very definition of h. □ 

We now come back to the G-orbit Oh of h. We remind the reader that 
this is a closed subvariety of g. 

9.15. Sublemma. v G Oh{R)- 

Proof. The element v G g_R can be viewed as a morphism 

<j)y : Spec (R) g. 
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The image of the generic point Spec(K) — > Spec(i?) — >■ g is contained in Oh 
for V and h are conjugate over K. Since Oh is a closed subvariety in g and 
since Spec(i?) is irreducible it follows that 0^ factors through the embedding 
Oh^Q. □ 

To finish the proof of Lemma 19.131 we first consider the particular case 
when m is contained in h. Then ^©(m) is obtained from the variety ZG(tTi) 
by the base change R/k so that flatness is clear. 

In the general case, let /i G h be the element provided by Sublemma l9.14[ 
By Sublemma [915] we have v G Oh{R) = (G/L)(i?). Denote by R'^ the 
strict henselisation of the local ring i?, that is the simply connected cover of 
R attached to a separable closure Kg of K as outlined in section W?2\ Since 
the map p : G — )• G/L is smooth and surjective, Hensel's lemma [Mlj §4] 
shows that G{R^^) — )■ (G/L)(i?^^) is surjective. But -R^^ is the inductive 
limit of the finite (connected) Galois covers of R, so there exists one such 
cover R' and a point g' G G{R') such that v = g' .h. Up to replacing R by 
R' (which is a noetherian normal domain) we may assume that v = h. 

We now recall that Zg^{h) = Zg^(tn) since /i = v € m is a generic vector. 
Since the center of Zg^{h) is contained in h/j and since m is contained in 
the center of its centralizer we have m C h^. Applying Lemma 19.111 then 
shows that m C h. Thus we have reduced the general case to the previous 
one. □ 

9.16. Proposition. Ifm is an AD subalgebra of q then Z(g(m) is a reductive 
R-group. 

Proof. Since Z(g(m) is flat and also finitely presented over R the differential 
criteria for smoothness shows that Z^{m) is in fact smooth over R because 
of Lemma 19. 7i Thus (m) is affine and smooth over R with geometric 
fibers which are (connected) reductive groups in the usual sense (this last 
again by Lemma [9?7|) . By definition ^©(m) is a reductive -R-group. □ 

Proof of Theorem \9 . 1\ (1) Let m be a MAD subalgebra of g, and let 6 denote 
the maximal split torus of the radical T of the reductive i?-group Z^{m). 
By Remark 18.41 the Lie algebra of & contains a unique maximal subalgebra 
m((3) which is an AD-subalgebra of g. By definition © < = Z^{Rm). 
Let us as before denote Lie(6) by s. Since s C S(i?[e])) it follows that in g 
we have [s,-Rm] = 0. In particular since m(S) C s we have [m((3),m] = 0. 
But then by Remark 18.41 m + m(S) is an AD subalgebra of g. Since m is 
a MAD we necessarily have tn(S) C m and now we are going to show that 
m(6) = m. 

Recall that K denotes the quotient field of R. By Lemma 19.51 we have 
dim(m(S)) = rank (6), so that to establish that m((3) = m it will suffice 
to show that rank((3) > dimfc(m), or what is equivalent, that dimx(©x) ^ 
dimfc(m) where as usual Gk = S xr K. 

We have Sjx = Z0j^{Rm) = Z(Sj^{Km), as can be seen from the fact 
that the computation of the centralizer commutes with base change. Since 
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6 is the maximal split torus of T then 6k is the maximal split torus of 
Ik = rad {S)k) by Lemma 17741 We also have 

Lie(i3x) = Lie(Ze^(flm)) = Lie (Zg^ (Km)) = Z.^iKm). 

Since Km is in the centre of (Km) = Lie (S^k) and the centre of Lie (S^k) 
coincides with Lie(Ti^) we conclude that Km C Lie(Ti4'). On the other 
hand Km is an AD subalgebra of qk, so that by Lemma [8.7l i^m C Lie {6k)- 
This shows that dimK{Km) < dimx(6ic')- But by Lemma I9.3f 3) we have 
dimfc(m) = dimK{Km). This completes the proof that m(6) = m. 

Now it is easy to finish the proof that (5 is a maximal split torus in <3. 
Indeed, if 6 is contained in a split torus 6' of larger rank then m((3) C m((3') 
is a proper subalgebra which contradicts to the fact that m = Tn(S) is a 
MAD. 

(2) Let 6 be a maximal split torus of and let s = Lie (6) be its Lie 
algebra. By Remark l8.4l s contains a unique maximal subalgebra nT((3) = m 
which is an AD-subalgebra of g. This algebra, which was denoted by m(©) 
will for the remaining proof of (2) be denoted by m. We have by Lemma [9.51 
that Rm = Lie(S). Thus, appealing to Proposition 15.61 and Lemma lOTSlf l) 
we obtain 

Ze(m) = Z&{Rm) = Ze(s) = Z&{6). 

We claim that m is maximal. Assume otherwise. Then by Lemma l9. 3( 1) m 
is properly included in a MAD subalgebra m' of g. We have 

Sj' := Z&{Rm') C := Z&{Rm) = ^^(e). 

By Proposition 19 . 1 6] f)^ and S) are reductive -R-groups. Let T' and T be their 
radicals and let T^, be their maximal split tori. We have (3 C T C T' 
and hence S C C T^. But S is a maximal split torus in ©. Therefore 
6 = T'^ = Id and this implies m = m{&) = m(Trf) = m(T^). Recah that in 
part (1) we showed that tn(T^) = m' and thus m = m' - a contradiction. 

(3) If m is a MAD subalgebra of g, the corresponding maximal split torus 
6(m) is the maximal split torus of the radical of = Zig{Rm). The proof 
of (1) shows that the MAD subalgebra corresponding to ©(vn) is precisely 
m. 

Conversely, if (3 is a maximal split torus of & then the maximal split 
torus corresponding to m(S) is the maximal split torus of the radical of the 
reductive group Zg(i?m(S)) = Z©(s) = Z(g{&) as explained in the proof of 
(1). Clearly © is inside the radical of ^©(6). Since 6 is maximal split in 
it is maximal split in the radical of Z^^G). Thus & = 6'. 

(4) Follows from the construction and functoriality in the definition of the 
adjoint action at the Lie algebra and group level. □ 

10. A COHOMOLOGICAL OBSTRUCTION TO CONJUGACY 

In this section R denotes a normal noetherian and integral domain and 
K its field of quotients. 
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Let © be a reductive group scheme over R. We say that a maximal spht 
torus © of is generically maximal split if (Sk is a maximal split torus of 

10.1. Proposition. Let & be a generically maximal split torus of(S. If 
(10.1.1) Hl,,{R,Ze{6)) =1 

then all generically maximal split tori of (5 are conjugate under <d{R). 
Proof. We begin with a Lemma. 

10.2. Lemma. Let <3 and & be generically maximal split tori of&. Then 

(i) 6r^ is a maximal split torus of <5r^ for all p £ X := Spec (R). 

(ii) The transporter tq^q' = Trans0(6, ©') is a (Zariski) locally trivial 
N(g{&)-torsor over R. 

Proof, (i) If is not maximal split then neither is 6k = ©Rp '^Spec(_Rp) 
Spec(i^). 

(ii) By |SGA31 XI, 6.11 (a)], r6,6' is a closed subscheme of ©. It is clearly 
a right (formal) torsor under the affine i?-group N(^{&). Since 6r^ and ©^^ 
are maximal split tori of 6/?^ they are conjugate under &{Rp) by [SGA3t 
XXVI, 6.16]. Thus Tg g/ is an A^(5(©)-torsor which is locally trivial (i.e. 
there exists a Zariski open cover X = UXi such that Te,6'(^i) 7^ 0)- ^ 

Proof of the Proposition. Let ©' be a generically maximal split torus of 
0. The transporter re, 6' yields according to Lemma 110.21 an element a G 
H\^^{R,N^{&)). Our aim is to show that a is trivial. 
Consider the exact sequence (on Xet) of i?-groups 

1 Z©(©) — > A^©(©) ^ 2B ^ 1 

with W = iV©(©)/Ze(©). Then is a finite etale group over R (see [SGA3[ 
XI, 5.9]). By Lemma 17.7( 2) the image of a in Hl^{R,W), which we know 
lies in H^^^{R,W), is trivial. Thus we may assume a E H^^i^R, Z©(©)). To 
finish the proof we need to show that 

a G Im [H\,,{R,Z^{&)) Hi{R, Z^{&))]. 

For this it suffices to show that the image ap of a in 

Hi{Rp,Z^{&) y.RRp)=Hi{Rp,Z^^^{&R^)) 

is trivial for all p G X. 

Since © is generically maximal split, ©^p is a maximal split torus of 0_Rp. 
Similarly for ©^^ . Now by |SGA3t XXVI] &r^ and ©^^ are conjugate under 
®Rp(-Rp) = '^(-Rp)) Thus the image of a under the composition of the natural 
maps 

(10.2.1) Hi{R,N^{&)) ^ Hi{Rp,N^^^{&R^)) ^ Hl{Rp,&R^) 
is trivial. 
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Let *P be a parabolic subgroup of (5/?^ containing Z^j^^{&r^) as a Levi 
subgroup (see Lemma l5.ip . Then {ibid.) we have 



11. A Counter-example to conjugacy for multiloop algebras 

Let (5 and g be as in Theorem 19.11 We know that the conjugacy of two 
MADs in q is equivalent to the conjugacy of the corresponding maximal split 
tori. The following example shows that in general maximal split tori are not 
necessarily conjugate. 

Let D be the quaternion algebra over R = R2 = k[tf^,tf^] with gen- 
erators Ti,T2 and relations = h, r| = t2 and T2T1 = —T1T2 and let 
A = M2{D). We may view A as the D-endomorphism algebra of the free 
right rank 2 module V = D®D over D. Let = SL (1, A). This is a simple 
simply connected ii- group of absolute type SL4^/j. It contains a split torus 
S whose -R-points are matrices of the form 



Let C be its kernel. It is shown in |GP1] that this sequence is split and that 
C\s a projective Z)~module of rank 1 which is not free. Since / is split, we 
have another decomposition V ~ C®D. Let (3' be the split torus of & whose 
i?-points consist of linear transformations acting on the first summand C 
by multiplication x G and on the second summand by x~^. As before, 
S' is also a maximal split torus of ©. 

We claim that & and G' are not conjugate under To see this we 

note that given (3 we can restore the two summands in the decomposition 
V = D ® D as, eigenspaces of elements G{R). Similarly, we can uniquely 
restore the two summands in the decomposition V = C (B D out of & . 
Assuming now that (3 and ©' are conjugate by an element in &{R) we 
obtained immediately that the subspace £ in 1/ is isomorphic to one of the 
components oiV = D®D,'m. particular C is free - a contradiction. 



In this section we look in detail at the case n = 1, i.e. R = ], 
where k is assumed to be algebraically closed. The twisted forms of g (8)fc R 
are nothing but the derived algebra of the affine Kac-Moody Lie algebras 
modulo their centres |P2| . 



By (jl0.2.ip it now follows that Op is trivial. 



□ 




where x € R^ . It is well-known that this torus is maximal (one can for 
example see this by passing to F2). 

Consider now the D-linear map f:V = D®D^D given by 

{u,v) ^ {l + Ti)u-{l + T2)v. 



12. The nullity one case 
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We maintain all of our previous notation, except for the fact that now we 
specify that n = 1. 

12.1. Lemma. Every maximal split torus of & is generically maximal split. 

Proof. Let S be a maximal split torus of our simply connected i?-group &. 
We must show that is a maximal split torus of the algebraic X-group 

We consider the reductive -R-group S) = ^©(S), its derived (semisimple) 
group T> (S)) which we denote by i^', and the radical rad (ij) of i^- 

Recall that rad (fj) is a central torus of S) and that we have an exact 
sequence of i?-groups 

1 — > n — > rad (ij) S^' — > 1 

where m is the multiplication of S) and /a is a finite group of multiplicative 
type. 

The computation of centralizers, derived groups and radicals are compat- 
ible with base change, which gives the exact sequence of algebraic -ftT-groups 

1 — > — > rad {f)K) Xk S^'k ^ S)k — ^ 1 

Since 6 is central in Sj it lies inside rad (i^), hence it is a maximal split 
torus of rad{Sj). If &k is not a maximal split torus of there exists 
a split torus &' of S)k such that 6' is not a subgroup of rad(io/f). Thus 
if we set {& D = T then T is a non-trivial split torus of Then 

Z^/ (T) is a Levi subgroup of a proper parabolic subgroup *P of i^^. Let 
t = type (*p) be the type of Let Part(io') be the i?-scheme of parabolic 
subgroups of S)' of type t. Then Fart{Sj'){K) ^ 0. Since Part(i3') is proper 
and R is regular of dimension 1, it follows that Part(i3')(i?) 7^ 0. Let be 
a parabolic subgroup of of type t. Then is a proper subgroup, so that 
by Proposition l7.5i y^ contains a copy of Gm,_R- But then m : (3 x Qirn,R — > ^ 
yields a split torus of that properly contains (3 (since the multiplication 
map has finite kernel), which contradicts the maximality of 6. □ 

12.2. Theorem. In nullity one all MADs of g are conjugate under the ad- 
joint action of&{R). 

Proof. In view of the last Lemma and Proposition 110.11 it will suffice to show 
that if 6 is a maximal split torus of <5, then H^^^{R, Zg((3)) = 1. 

Since Z(g{<S) is a reductive i?-group one in fact has a much stronger result, 
namely that Z©(6)) = 1 (see [P2, Theorem 3.1]). □ 

12.3. Remark. Let G be the "simply connected" Kac-Moody (abstract) 
group corresponding to Q (see [PK], and also |Kmrj and [MP] for details). 
We have the adjoint representation Ad : G — )• Autfc_Lie(5)- The celebrated 
Peterson-Kac conjugacy theorem [PK] for symmetrizable Kac-Moody (ap- 
plied to the afhne case) asserts that all MADs of g are conjugate under the 
adjoint action of the group Ad (G) on g, while our result gives conjugacy 
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under the image of &{R), where the image is that of the adjoint represen- 
tation Ad : <3 Aut (g) evaluated at R. In the untwisted case it is known 
that the two groups induce the same group of automorphisms of q (see for 
example [Kmr] ) . The untwisted case appears to remain unstudied. 

13. A DENSITY PROPERTY FOR POINTS OF LOOP GROUPS 

In this section X = Spec(i?n)- For a description of 7ri(X, a) see 14.31 
Let G be a linear algebraic /c-group. Let rj G Z^(^TTi{X,a),G{k)^ be a 
loop cocycle and recall the decomposition r] = {ri^^°,z) into geometric and 
arithmetic parts described in Lemma [6.6l Recall that we may view r/S"^° as a 
A;-group homomorphism oofj, ^G. We denote below by (^G)'' the cen- 
tralizer /c-subgroup of ^G with respect to the above group homomorphism. 

13.1. Remark. By continuity there exists m and a Galois extension k oi k 
such that rj factors through 

f] ■■ ^n,m G(k) 

where 

fn,m ■■= Gal{Rn,m (^k k/Rn) = n'inik) X Gal(k/k) 

where m > and k/k is a finite Galois extension containing all m-roots of 
unity in k. In this way r/ can be viewed as a Galois cocycle in 

(j^n.m, G{Rn^m^kk)) ■ We Can thus twist Gr„ by rj. We call this procedure 
"reasoning at the finite level" . 

Recall that an abstract group M is pro-solvable if it admits a filtration 

• • • C Mn+i C M„ C • • • C Mo = M 

by normal subgroups such that nM„ = 1 and Mn/Mn+i is abelian for all 
n > 0. If there exists a filtration such that Mn/Mn+i are fe-vector spaces, 
we say that M is pro-solvable in k-vector spaces. 

13.2. Theorem. Let G be a linear algebraic k-group such that G° is re- 
ductive. Let r] G (Tri{X, a) , G{k)) be a loop cocycle such that the twisted 
Rn-group = r;(GR„) is anisotropic. There exists a family of pro-solvable 
groups in k-vector spaces (Ji)i=i,..,n such that 

= J„ X Jn-l X ... X Jl X {^G)''''°{k) = (J„ X Jn-l X . . . X Ji) • 

Proof. We may assume by twisting by z that z is trivial. We note that since 
is anisotropic the algebraic F„-group S) is also anisotropic by |GP3| cor. 
7.4.3. It is convenient to work at a finite level, namely with a cocycle 

V : r„,m G{k) 

as in Remark ll3.11 We may also assume that k splits a given chosen maximal 
torus of the /c-group G°. 

We proceed by induction on n > 0; the case n = being obvious. We 
reason by means of a building argument and we view Fn^m and its subfield 
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Fn = {Fn^rnf"'™" as local Complete fields with the residue fields Fn~i^m and 
Fn-i respectively. 

We consider the (enlarged) Bruhat-Tits building Bn = B(G^ ) of the 

Fn m~group G ^ [Til §2.1] . It is equipped with a natural action of G(F„ m) x 

Tn,m- It is shown in [GP3| Theorem 7.9 that the building of S^p^ inside Bn 

consists of a single point whose stabilizer is G{Fn-\^m\^n\\) ■ Since f){Fn) 
stabilizes (\) it follows that 

(13.2.1) fi(Fn) = {5 G G(F„_i,„[[t#]]) I r]{a)a{g) = g "ia 

We next decompose /i^ = /ij^"^ ^ A*m- Here the second component is a 
finite fc-group of multiplicative type and it acts on G via 77^*^°. We let Gn-i 
denote the /c~subgroup of G which is the centralizer of this action |DGt 
II 1.3.7]. The connected component of the identity of G„_i is reductive 
according to [Ri]. Since the action of /x^~^ on G given by 7]^^° commutes 
with that of /x„ the /c-group morphism r/^*^" : jx'^ — )• G factors through 

Gn-l. 

Denote by "r^^^-i restriction of rj^^" to the /c-subgroup //^"^ of A*m- Set 
fn-i.m '■= Atm~^(^) ^ Gal(A;/A;) and consider the loop cocycle 

'Hn—l ■ r?!— l,m ^ Gn-lik) 

attached to {l,r]f^^"i). We define 

-5n-l,_R,i_i = r|n-l{Gn-l,B.n~l)• 
The crucial point for the induction argument is the fact that rj^^i : 
/^rrT^ ~^ Gn-i is anisotropic so that the twisted F„_i-group rjn-iGn-i is 
anisotropic. This is established just as in |GP31 theo. 7.9]. We look now at 
the specialization map 

spn : MFn) ^ G(F„_i,^[[t#]]) ^ G(F„_i,„). 

Let P be the parahoric subgroup of Sj°{Fn) attached to the point (j). Since 
the building of Sjp^ consists of the single point we have P = Sj°{Fn). 

Recall that the notation P* stands for the "pro-unipotent radical" of P 
as defined in ^18.41 of the Appendix. 

13.3. Claim. We have P* = ker(sp„) and the image of spn is Sjn~i{Fn-i) . 

Because G is a /c-group it is clear that the kernel of the specialization 

map G{Fn-i,m[[t^]]) G(F„_i,^) is contained in G°(F„_i,^[[t^]]). Since 

{S)/Sj°){Fn) injects into (i5/iO°)(Fn,m) = (G/G°)(F„,^), the kernel of the 
specialization map spn is the same for f)°{Fn) and f){Fn)- The parahoric 

subgroup of G°{Fn^m) attached to the point (j) is Q = G° ^Fn-i^ni[[tn]]j and 
we have 

Q* =ker(Q^G°(i?,_i,^)) 
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by the very definition of Q* . Hence ker(spn) = -P H Q* = P* by Corollary 
118.91 applied to the point (/>. 

The group S)n-i[Fn-i) is a subgroup of Sjn{Fn) which maps identically to 
itself by spn, so we have to verify that the specialization /i„_i of an element 
h € S^{Fn) belongs to Sjn-i{Fn-i)- Specializing (|13.2.ip at t„ = 0, we get 

(13.3.1) r?(7) '^hn-i = K-i V7 G fn,m- 

We now apply the relation (|13.3.ip to the generator r„ of the Galois group 
Gal{Fn,m/ Fn^i,miitn))); it yields 

(13.3.2) 7]{Tn)hn~l = K-l, 

where r/(r„) G G{k)^ so that € G„_i(F„_i^m)- Furthermore, the 

equality (jl3.3.ip restricted to Tn-i,m shows that hn-i € i5„_i(F„_i). This 
establishes the Claim. 

We can now finish the induction process. The group iOn-i(Pn-i) is a 
subgroup of S){Fn), so 

9){Fn) = Jn>^ i5„-l(-Fn-l) 

where J„ := kei{spn) is the "pro-unipotent radical" and hence it is pro- 
solvable in fc-spaces. By using the induction hypothesis, we have 

Sjn-l{Fn-l) = (J„-l X • • • X Jl) X Cfs^^k). 

geo 

Since G„'LY = > we conclude that 

i5(F„) = (J„x...x Ji)xG'''^°(A;) 

as desired. 

We have G'^ (k) CS){Rn), so we get the second identity as well. □ 

14. ACYCLICITY, I 

Let be a loop reductive group scheme. We will denote by Hl^,^.^j^{Rn,SS) 
[resp. H^^^^i{Rn,S))irr ] the subset of H^{Rn,S^) consisting of isomorphism 
classes of torsors ^ such that the twisted i?,i-group gio admits a maximal 
torus [resp. admits a maximal torus and is irreducible]. 

14.1. Theorem. Let he a loop reductive group scheme. Then the natural 
map 

is injective. 

Proof. By twisting, it is enough to show that for an irreducible loop reductive 
group the canonical map Hj^^^i{Rn,Sj) — > H^{Fn,Sj) has trivial kernel. 
Indeed reductive i?n^group schemes admitting a maximal torus are precisely 
the loop reductive groups [GP3l Theorem 6.1]. We now reason by succesive 
cases. 



33 



Case 1: S) is adjoint and anisotropic. We may view as a twisted form of 
a Chevalley group scheme ilR„ by a loop cocycle rj : ■Ki(Rn) Aut(H)(A;). 
We have the following commutative diagram of torsion bijections 



^w(^n^Aut(H)) 



Fi(F„,Aut(H)). 



The vertical maps are bijective by [Girl III 2.5.4] and Remark 16. 9[ while the 
bottom map is bijective by |GP31 theorem 8.1]. We thus have a bijection 

The exact sequence 1 —?■ ^ Aut(i^) — )• Out(i^) — )• 1 gives rise to the 
commutative diagram of exact sequence of pointed sets 



Aut(.^)(i?„) Out(ii)(i?„ 



-> Hl{Rn,Aut{Sj)) 



Aut(i^)(F„ 



-> Out(i^)(F„ 



H\Fn, Aut{9j)). 



Let V G H^^{Rn,S)) be a toral class mapping to 1 € H^{Fn,S)). Since ip 
is bijective there exists u € Out{Sj){Rn) such that v = ip{u) and u £ Im^. 
Since Out(i^)(i?„) is a finite group, the Density Theorem 113.21 shows that 
Aut{f)){Rn) and Aut{Sj)(Fn) have the same image in Out(f))(F„). So 
u € lm6, which implies that 7 = 1 G Hj^{Rn,S^). 

Case 2: 9) is irreducible. Set 3 = Z{S^); it is an i2„-group of multiplicative 
type and we have an exact sequence of -Rri-group schemes 

1 ^ 3 ^ ^ iDad ^ 1- 

Here the adjoint group Sjad is anisotropic since Sj is irreducible. This exact 
sequence gives rise to the diagram 

S)ad{Rn) Hl{Rn,3) H}^{Rn,Sj) > Hl{Rn,^ad) 



H\Fn,^) 



-> H\Fn,Sj 



ad ) 



Note that the second vertical map is bijective by |GP21 Prop. 3.4.(3)] since 
3 is of finite type ( |SGA3l XII, §3]). 

Let V € Hl^{Rn, S^) be a toral class mapping to 1 G H^{Fn,S3). Taking into 
account the adjoint anisotropic case, a diagram chase provides an element 
u G Hj^{Rn,3) such that v = i^{u) and u belongs to the image of the 
characteristic map (pF„- Since Hl^{Rn,^) is an abelian torsion group, the 
Density Theorem 113.21 shows that S)ad{Fn) and S^ad{Rn) have the same image 
in Hj^{Rn,'5)- So u belongs to the image of (/JRn) and this implies that 



1 G Hl^{Rn,^) as desired. 



□ 
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15. CONJUGACY OF CERTAIN PARABOLIC SUBGROUP SCHEMES AND 

MAXIMAL SPLIT TORI 

15.1. Theorem. Let be a loop reductive group scheme over Rn- Then 
there exists a unique Sj{Rn)-conjugacy class of 

(a) Couples where ^ is a minimal parabolic RnSubgroup scheme 
of Sj and £, is a Levi subgroup of *p such that Q is a loop reductive group 
scheme. 

(b) Maximal split subtorus & of Sj such that Zfj{6) is a loop reductive 
group scheme. 

15.2. Remark. The counter-example in §11 1 shows that the assumption that 
£ and Zfj{&) be loop reductive group schemes is not superflous. 

15.3. Lemma. The proof of Theorem \15.1\ a) reduces to the semisimple sim- 
ply connected case. 

Proof. Denote by ii'"^ the simply connected covering of the derived group 
scheme of S^, and denote by ^ the radical torus of i^. We assume that 
Theorem 1 15. 11 a) holds for S^"^. There is a canonical central isogeny [HI §1.2] 

1 ^ X (£ -^i^ ^ 1. 

Let where *p is a parabolic subgroup of S) containing a Levi subgroup 

£. Then 

where ^P**^ is a minimal parabolic subgroup of the i?„-group i^'*'^ and 
is a Levi subgroup of ^p**^. Similarly for (£',*p'). Conversely, from a couple 
(aK,Q ) for f)^^ we can define a couple {{Tl x ^)/^, (£2 x (£)/e:) for S). By 
|GP31 cor. 6.3], loop group schemes are exactly those carrying a maximal 
torus. Since this last property is insensitive to central extensions |SGA3t 
XII. 4. 7], the correspondence described above exchanges loop objects ii with 
loop objects Also it exchanges minimal parabolics of with minimal 
parabolics of S)^^. 

Existence: By the simply connected case, we know that there exists a couple 
Q) for S^^'^ such that £1 is a minimal parabolic subgroup of S^^'^ and OJt is 
a Levi subgroup which is loop reductive. Then := ((QJt x (£2 x 

is as desired for S^. 

Conjugacy: We are given another couple Since is loop re- 

ductive, the simply connected case yields that {H^'^,^^'^) and are 
i^*'^(i?„)-conjugate. By applying /, we conclude that and are 

i^(i?n)-conjugate. □ 



Proof of Theorem \15.1\ 
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15.4. Existence, (a) Lemma 115.31 enables to assume that Sj is semisimple 
simply connected. There exists a spHt semisimple simply connected A;-group 
H (namely the Chevalley A;-form of Sj) and a loop cocycle rj : 7ri(i?„) — > 
Aut(H)(A;) such that = ^(H^j^). Let (T, B) be a Killing couple of H and 
n C A(H, T) is the base of the finite root system associated to (T, B). We 
denote by Had the adjoint group of H and by (Tad,^ad) the corresponding 
Kilhng couple. We have Aut(H) = Aut(Had)- 

For each / C A, we have the standard parabolic subgroup P/ of H and 
its Levi subgroup L/, as well as Pj^ad and L/ for Had- 

Let / be the subset of uncircled vertices in the Witt-Tits diagram oi Sjf„- 
The version of the "Witt-Tits decomposition" given in |GP3t Cor. 8.4] 
applied to Aut(Harf) shows that 

[r]] e lm(^Hl^p{Rn,Aut{ilad,Pl,ad^'LlM))irr ^ ^Lp (-^n, Aut (H^d)) ) . 

Thus we may assume that r] has values in Aut(H, P/, L/)(A;) = 
Aut(Had,P/,ad,L/,ad)(^)- The twisted i?„-group schemes ^3 = ^(Pj) and 
£ = r?(L/) are as desired since is a minimal F„-parabolic subgroup of 
F„ by the definition of the Witt-Tits index. 

(b) Let S be the maximal split subtorus of the radical of £, with £ as in 
(a) By Proposition 17.31 we have Z^(&) = £. This implies that Zsj{&) is a 
loop reductive group. Now (3 is a maximal split torus of (hence has both 
required properties) because it is so over F„. To see this note that by our 
construction the semisimple part of the centralizer of & is anisotropic over 
Fn- So if 6 C &' is a proper inclusion over F^, then 6' sits inside the 
radical, say T, of the centralizer of ©. But by Lemma 17.41 the torus & is 
still maximal split in T over Kn and hence over F^ because ^ is split over a 
Galois extension Rn,m/Rn for some integer m. 

15.5. Conjugacy. Let (£,^) be a couple as prescribed by Theorem 115.11 
Recall that (3 is the maximal split subtorus of the radical of £. 

(a) Let (9Jt, 12) be another couple (satisfying the same conditions). Con- 
sider the -Rri-scheme 2) = S)/'^ of parabolic subgroups of type t(^) |SGA3t 

XXVI]. The exact sequence of etale -R^-sheaves 1 — > *p ^ — > 2) ^ 1 
induces exact sequences of pointed sets |Gir^ III. 3. 2. 2] 

^{Rn) 2)(i?„) Hl{Rn,^) y H}^{Rn,Sj) 



Hl^{Rn,£.) 
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(note that a natural mapping Hjf_{Rn,2) — > Hj^{Rn,^) is a bijection by 
[SC^A.Sl XXVI, 3.2]) and by base change 

Sj{Fn) 2)(F„) HHFn,^i) > H\Fn,^) 

The i?ri-parabolic subgroup £2 defines a point y G 2)(i?„)- 

15.6. Claim, ^{y) G Hl^jRr„£) :^ Hl^jRr^^i). 

Indeed ip{y) is the class of the *p-torsor (B := f~^{y). We can assume 
without loss of generality that (B is obtained from an £-torsor ^. Then £1 
is isomorphiclll to the twist and ^£ is a Levi subgroup of the -R„-group 
Since Levi subgroups of are conjugate under Ru{:s^)iRn) |SGA3t 
XXVI, 1.8], it follows that is i?„-isomorphic to 9JI. The group scheme 
gr£ carries then a maximal torus and the claim is proved. 

On the other hand, we have already observed before in §15.4 that ^f„ 
and £1f„ are minimal parabolic subgroups of i^i^^, hence they are conjugate 
under Sj(Fn)- In other words, y viewed as an element of 2)(F„) is in the 
image of tpF„, hence ^F„{y) = 1- It follows that (^(y) belongs to the kernel 
of 

Htorali^n, ^)irr ^ H^{Fn,S.) 

which is trivial by Theorem ll4.1l Thus y € Imip, i.e. ^ and Q. are Sj{Rn)— 
conjugate and so are the couples and £1). 

(b) Let 6' be a maximal split subtorus of Sj such that its centralizer £' = 
Zf^{&) is a loop reductive group scheme. By Lemma l5.H Zfj(&) is a Levi 
subgroup of a parabolic subgroup of of S). By Proposition 15.41 c. is a 
minimal parabolic subgroup of S). By (1), the couple {2,',^') is conjugate 
under S)(Rn) to We may thus assume that £ = i.e. Z^{6) = 

Z^{6'). It follows &' is a central split subtorus of £, hence that 6' C 6. 
But 6' is a maximal split subtorus of i^, so we conclude that © = S' as 
desired. 

We record further properties of the couples considered in the Theorem. 

15.7. Corollary. Let be as in Theorem \15.1\ 

(1) If G is the maximal split central subtorus of 2,, & is maximal in Sj 
and £, = Zs^{&). 

(2) ^F„ is a minimal parabolic subgroup of S)f„- 

(3) Zfj{&)F„ is irreducible, 

(4) {Zsj{&)/&)f„ is anisotropic. 

(5) &Fn maximal split in S^f„- 



Surprisingly enough, this compatibihty is not in Giraud's book. A proof can be found 
m [Del lemme 4.2.33 page 175]. 
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Proof. (1) This is established in the proof in §15. 4. b). 

(2) Since is a loop reductive, this follows from |GP31 cor. 7.4.(1)]. 

(3) The i?„-group Zs){&) is irreducible by l5.4l a and it is also loop reductive. 
The statement follows again from |GP31 cor. 7.4.(1)]. 

(4) The Rn-group Z^((3)/6 is anisotropic bv l5.4[ c. The statement follows 
then from pP3l cor. 7.4.(3)]. 

(5) The key observation is that 6 is a maximal torus of Sj hence equal to 
the maximal central split subtorus of Zfj{&). Proposition 15. 41 a applied to 
the anisotropic group {Zsj{&)/&)Fn shows that Gp^ is a maximal i?„-torus 
of SJF„- 

□ 

16. Applications to infinite dimensional Lie Theory 

This section should be considered as an outline of the main application of 
our conjugacy theorem to infinite dimensional Lie theory. A detailed version 
of these results, as well as others, will be made available in a forthcoming 
paper intended for specialists in the area. 

*** 

Throughout this section we assume that k is algebraically closed of char- 
acteristic zero. G will denote a simple simply connected Chevalley group 
over k, and g its Lie algebra. We fix integers n > 0, m > and an n-tuple 
a = (fJi, . . . , (T„) of commuting elements of Autfc(g) satisfying o"™ = 1. Let 

i? = /c[tf\ . . . ,tj^] and = A:[ti ,t„'"]. 

Recall that R/R is Galois and that we can identify Gal{R/R) with (Z/mZ)"" 
via our choice of compatible roots of unity. Recall also from the Introduction 
the multiloop algebra based on g corresponding to a, is 

L(g,(T)= gn..i„ Otf C g(»fci? 

(ji,...,i„)eZ" 

It is a twisted form of the i?-Lie algebra R which is split by R : 

L{S,(^) <S)RR^g®kR^{E^kR) <^R R- 
The R/R form L{g,cr) is given by a natural loop cocycle (denoted by z in 
[GPU §5]) 

rj = n{a) € Zi(r, Aut(g)(A;)) C (P, Aut(g)(i2)) . 

Since Aut(g) ~ Aut(G) we can also consider by means of r] the twisted 
i2-group 6 = n^iR. As before we denote the Lie algebra of (5 by g. It is 
well known, and in any case easy to verify (see for example the proof of 
[GPU prop 4.10]) that the determination of Lie algebras commutes with the 
twisting process. Thus 

~ L{g,a) 
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16.1. Borel-Mostow MADS. By a Theorem of Borel and Mostow |BM] 
there exists a Cartan subalgebra h of g that is stable under the action of <t 
(by which we mean that each of the cxj stabihzes h). By restricting o" to h 
we can consider the loop algebra based on h with respect to <T, 

L(h,o-)= hi,...i„ Otf ...in" C h^fci? 
(ii,...,i„)eZ" 

Let T be the maximal torus of G corresponding to h. Denote by T*^ 
(resp. h*^) the fixed point subgroup of T (resp. subalgebra of h ) under 
(T, i.e the elements of T (resp. h) that are fixed by each of the crj. Since 
the torus T is also <T-stable and, just as above, we can consider its twisted 
form T = r{^R and corresponding Lie algebra f) = qhn. The same formalism 
already mentioned yields that 

fl=.L(h,(7). 

It is not difficult to see that is a direct summand of g as an i?-module whose 
geometric fibers \)(x) are Cartan subalgebras of q{x) for all x € j£ = Spec(i?). 
Thus f) is a Cartan subalgebra of g in the sense of |SGA3j . 
Let %d be the maximal split torus of T. It is easy to see that 

Trf:^T^ = ^(T^)c6 = ,GK. 

According to Remark 18.41 its Lie algebra contains a unique maximal sub- 
algebra m which is an AD-subalgebra of g. The description of this algebra 
is quite simple: 

m = ho,...,o ®fc 1 C L(g,£T) ~ g. 

Note that m is precisely h°' (8)^ 1. 

By Theorem 19.11 m is a MAD if and only if is a maximal split torus 
of 0, in which case m = m{%d)- We will call MADs of a multiloop algebra 
which are of this form Borel Mostow MADs of g. 

Let Act = Ao-(g, h) be the subset of A(g, h) consisting of those roots that 
vanish on h°' = ho,...,o- We have 

^g(h'^) = h © © g". 

Because m C go,...,o it is straighforward to verify that .^g(m) is precisely 
the multiloop algebra L(Zg(h°'),o"). Note that Z^ih^) is the Lie algebra of 
the reductive /j-group H := Zi^ih!^) = Zg(T'^) and hence by twisting we 
conclude that ^g(tn) is the Lie algebra of 

16.2. Proposition. (1) Z2j(Trf) is a loop reductive group. 

(2) m is a MAD if and only if the dimension o/ho,,,,,o *s maximal among 
the Cartan subalgebras of g normalised by a. In particular, Borel-Mostow 
MADs exist. 
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Proof. (1) We have explained above that Z©(Td) ~ dUr- This last group is 
loop reductive by definition since r/ is a loop cocycle. 

(2) We know that all MADs in g and all maximal split tori in © have the 
same dimension, say r. Since m is an AD-subalgebra we have dim/j m = 
dim/c(ho,...,o) < r and hence m is a MAD if and only if dimfc(ho,...,o) = r. It 
is then enough to show that there exists a Borel-Mostow AD of rank r, that 
is we need to find a Cartan subalgebra h' of g normalized by a such that 
dimA;(h[) q) = r. 

Up to conjugating by an element of G(A;), we can assume that cr normalises 
in an irreducible way a standard parabolic group P/ [GPlj 3.4] and also the 
standard Levi subgroup L/ by complete reductivity |Mtj . Then the twist 
z(Pi)r is still minimal parabolic of (5 over the field Fn- It follows that if 
S is the torus consisting of the fixed point subgroup of the radical of Lj 
under cr then ^ z(J^r) C zG/j is the maximal split torus in the radical 
of z(i-'i)R and hence a maximal split torus in &; in particular dim^ S = r. 

Let s be the Lie algebra of S. We have dim^s = dim^ S = r and by our 
construction cr acts trivially on s. The reductive subalgebra Z^{5) is stable 
under a, so the application of Borel-Mostow's theorem provides a Cartan 
subalgebra h' of ^g(s) stable under cr. 

Now we have a Lie algebras 5 over k of dimension r which is contained in 
h' and is inside of s' = (h')°". If s' is strictly larger than 5 then it gives rise 
to a MAD of dimension > r, which is impossible. Thus s is the subalgebra 
of h' consisting of the fixed point under a. □ 

According to our Conjugacy Theorem all Borel-Mostow MADs of a mul- 
tiloop algebra are conjugate under C5(i?). There is a very important class of 
multiloop algebras, the so called Lie tori, where Borel-Mostow MADs play 
a crucial role. We now turn our attention to them0 

16.3. Applications to EALAs. As in tAABGPj and fM] it will be con- 
venient for us to work with root systems that contain 0. So by a finite 
irreducible root system we will mean a finite subset A of a finite dimensional 
vector space V over k such that G A and A^ := A \ {0} is a finite irre- 
ducible root system in V in the usual sense; see [BbkH chap. VI, §1, def. 1]. 
Note that A^ is not assumed to be reduced. 

We will use the following notation for the root system A. Let 

Q = Q{A) := S^eA^a C V 

be the root lattice of A. Let ( , ) : V x V* ^ k denote the natural pairing 
of V with V* . If a G A^, will denote the coroot of a in V*; that 
is, is the unique element of V* such that (a, a^) = 2 and the map 

Va (3 ^ 13 — {13, a^)a stabilizes A. 

"'^'^Lie tori were introduced by Y. Yoshii [Yll IY2] and further studied by E. Neher in 
[Nil IN2) . The terminology is consistent with that of tori in the theory of non-associative 
algebras, e.g. Jordan tori. But in the presence of algebraic groups, where tori are well 
defined objects, the terminology is a bit unfortunate. 
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Let 

A,^, := {a G AX : ia ^ A} 

denote the set of indivisible roots in A, and let 

A^nd := Af„,U{0}. 

Lie tori are Lie algebras that are graded by groups of the form Q x A and 
satisfy some additional axioms that we are going to recall. For our purpose 
we may assume that A ~ for some n > called the nullity of the Lie 
torus. 

Before proceeding with the definition and basic properties of Lie tori let 
us recall some basic notation on Q x A-graded algebras. 

Let C = ®(^a,\)£QxA^a be a Q X A-graded algebra. Then C = ®x^a^^ is 
A-graded and C = ®aeQJ~-a is Q-gradcd algebra, with 

= ®aeQC^ for A G A and = SagA^C^ for a G Q, 

and wc have = C.aT\C?'. Conversely if L has a Q-grading and a A- grading 
that arc compatible (which means that each La is a A-graded subspace of 
L or equivalently that each is a Q-graded subspace of £), then L is 
Q X A-graded with L\ = Ca ^ 'l^^- Hence, a Q x A-graded algebra C has 
three different associated support sets, namely the Q x A-support, the Q- 
support and the A-support denoted respectively by suppqxaI'^)) suppq(£) 
and supp^(£). Of course a degree belongs to one of these supports if the 
corresponding homogeneous subspace is non-zero. 

We now recall the standard definition of a Lie torus. Afterwards we will 
adapt it to our purposes. 

16.4. Definition. A Lie A-torus of (relative) type A is a Q x A-graded Lie 
algebra C, over k which (with the notation as above) satisfies: 

(LTl) suppq(/:) = A. 

(LT2) 

(i) (Af„^,0) CsuppQ^^(£). 

(ii) // (q, a) g suppqxa('^) (^''^d a ^ 0, then there exist elements G 
and /q G CZa such that 

/'A _ r A r-~X _ f A 
'-'a "''^a' '-'—a "'Ja' 

and 

(16.4.1) [[eaJa],X0] = {l3,a'')x0 

for xp eCf), (3 e Q. 

(LT3) C is generated as an algebra by the spaces La, a G A^. 
(LT4) {suppM) = A. 

Q is the root grading group and we call the Q-grading of L the root 
grading. Similarly, A is the external grading group and we call the A-grading 
of C the external grading. 
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16.5. Definition. Let C be a Lie A-torus of type A. Following |N1] . we de- 
fine the root grading pair for C to be the pair (s, t) of subalgebras of C where 
s is the subalgebra of C generated by {C^yaeA^ '^f^d t = X^aeA^ ['^«' -^-al- 
Notice that t is a subalgebra of s, s C C° and t C Cq. We will see below in 
(|16.6.2p that the subalgebra t completely determines the root grading of C. 

The next proposition summarizes the basic properties of the root grading 
pair of a Lie torus. Parts (i)~(v) were announced in [Nil §3]. See |ABFP2j 
for details. 

16.6. Proposition. Let C be a centreless Lie A-torus of type A with root 
grading pair (s,t). 

(i) IfaGAl^, then A^, = 0. 

(ii) s is a finite dimensional split simple Lie algebra and t is a split Cartan 
subalgebra ofs. 

(iii) There is a unique linear isomorphism a ^ a ofV onto t* such that 
Aind = A(s,t) and 

(16.6.1) [e°,/°]=a^ 
for a G Af„^. Here G (t*)* ~ t. 

(iv) If a (z Q then 

(16.6.2) Ca = {xeC: [h, x] = a{h)x for h G t}. 

(v) If {a,X) G suppqxa(^) o.iT'd G A^ then 

(16.6.3) [e^,/^]=d^ 

(vi) We have = s and C'^ = t. □ 

16.7. Remark. We see that a Lie torus is reahy two things, more precisely 
a pair C = (L, D) consisting of a A;-Lie algebra L together with an "external 
root data" D comprised of a finite irreducible root system A and a Q x A- 
grading on L satisfying certain axioms. This is reminiscent of the concept 
of "epinglage" in the finite dimensional case. 

The concept of isomorphism also deserves some comments. On the one 
hand we have isomorphisms of Lie tori as Lie algebras. On the other we 
have an obvious concept of isomorphism of what we've called external root 
data, and we can define isomorphism that preserve this information (they 
are called bi-graded isomorphism in [ABFP2]). This is the strongest form 
of isomorphism, for it preserves the structure of the full root system. There 
is an intermediate concept, that of isotopy. The interested reader can look 
up §2 of |ABFP2j for details. 

For our purpose we want to observe that given an automorphism 6* of L we 
can construct a new data, call it Dg, in an obvious way so that Cg = {L, Dg) 
is a Lie torus. A, Q, A do not change, nor do the supports. As the reader 
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may have guessed, all we do is to set (>Ce)a = ^i^a)^ use the elements 
9{e^) and 9{f^) to satisfy axiom LT2(ii). 

By (vi) of the last Proposition we see that the grading pair of Cg is 
{0{s), 0(t)). Clearly the isomorphism 9 : C ^ Cq preserves the external root 
data. 

The relevance of centreless Lie tori is that they sit at the "bottom" of 
every EALA (see [AABGP] , [Nlj and |N2j ) . A good example is provided by 
the affine Kac-Moody Lie algebras. They are of the form (see [KacJ) 

S = C®kc®kd 

where Cis a, loop algebra of the form L(g, vr) for some (unique) g and some 
(unique up to conjugacy) diagram automorphism tt of g. The element c is 
central and d is a degree derivation for a natural grading of £. If h is the 
standard Chevalley split Cartan subalgebra of g, then T-L = Yi^ + kc + kd 
plays the role of the Cartan subalgebra for £. 

The infinite dimensional Lie algebra £ admits an invariant non-degenerate 
bilinear form whose restriction to T-i is non-degenerate. With respect to T-i 
our algebra 8 admits a root space decomposition. The roots are of two 
types: anisotropic (real) or isotropic (imaginary). This terminology comes 
from transferring the form io and computing the "length" of the roots. 

The core of £ is the subalgebra generated by all the anisotropic roots. 
The correct way to recover C inside 8 is as its core (which is £ © kc) modulo 
its centre (which is fcc)F^ 

It is known that EALAs of nullity 1 are precisely the affine Kac-Moody 
Lie algebras [ABGPj . Neher has shown that this "pattern" of realizations 
holds in all nullities. Loosely speaking an EALA is always of the form 

£ = c®e®v 

where £ is a Lie torus, C is central and D is a space of derivations. Given C, 
the recipes for all possibles C is central and T> are completely understood. 
Thus many questions about EALAs (e.g. their classification) come down to 
analogous questions about Lie tori. 

With the above in mind as motivation, we now return to our paper. The 
definition of Lie tori has as a central ingredient the relative type A, and the 
double grading by Q x A with its corresponding root grading pair (s, t). On 
the other hand £ is a Lie algebra, and it is natural to ask (and essential for 
the classification) whether A and the root grading pairs are invariants of C. 
In other words. 

Question: Let Che a, centreless Lie A-torus of type A with root grading 
pair (s,t). Assume that C admits the structure of a centreless Lie A'-torus 
of type A' with root grading pair (s',t'). Is A ~ A', A ~ A', s ~ s' and 
t ~t'? 



In nullity one the core coincides with the derived algebra, but this is not necessarilty 
true in higher nullities. 
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We shall see as an application of our Conjugacy Theorem that the answer 
to this question is affirmative whenever L is finitely generated as a module 
over its centroid, which we henceforth assume 

That A ~ A' is an assertion about the nullity being an invariant of L. It 
is well know that this is true. For example, the nullity is the transcendence 
degree of the field of quotients of the centroid of £ [ABP2.5( cor. 6. 4]. 

To address the remaining questions we turn to the realization theorem 
of |ABFP2] . The finiteness assumption and the realization theorem tells us 
that the Lie tori are multiloop algebrasO This is the key that allows us to 
bring conjugacy into the picture. 

The data (A, A) leads to a Lie algebra isomorphism (j) : C ^ L{g,cr). 
Similarly we have 4>' : C ^ L{g',a'). By descent considerations it is clear 
that g ~ g': This is the Invariance of the Absolute Type. See for example 
[gPl] theo. 4.9] or |ABP2.5I theo 8.16.]. The explicit nature of the Real- 
ization Theorem shows that 4> maps (s,t) to (g'^,ht) where ht is a Cartan 
subalgebra of the simple Lie algebra g'^. Furthermore ht is a Borel-Mostow 
MAD h"' of Similar considerations apply to (A', A'). 

We now use (p o to put two A Lie tori structures of relative type A 
and A' on L = L{g,cr) (see Remark 116. 7p . The original structure has root 
grading pair (s,t) where s = g*^ and t is a Borel-Mostow MAD. About the 
second pair (s",t") what we do know is s' ~ s", t' ~ t" and that Z(g{t") is 
a loop reductive group. By the Conjugacy Theorem the exists an element 
6 G ^(R) such that 9{t') = t. This leads to yet another Lie A torus of 
type A' on L with grading pairs (s'",t) with s'" ~ s". The root system of 
(s'",t) is of type A' while that of (s,t) is of type A. Since t determines the 
Q-grading we conclude that A ~ A', hence that s ~ s'. This completes the 
proof that our Question has an affirmative answer. 

As a consequence we see that the (relative) type A is an invariant of a Lie 
torus. The spirit of this result should be interpreted as the analogue that on 
g we cannot choose two different Cartan subalgebras that will lead to root 
systems of different type. More generally, it is the analogue of the fact that 
the relative type of a finite dimensional simple Lie algebra (in characteristic 
0) or of a simple algebraic group is an invariant of the algebra or group in 
question. 

The invariance of the relative type was established in [Als] by using strictly 
methods from EALA theory. Allison also showed that under the assumption 
that conjugacy (as established in this paper) holds, any isotopy between Lie 
tori necessarily preserves the external root data information. This is a very 
important result for the theory of EALAs for, together with conjugacy, it 
yields a very precise description of the group of automorphisms of Lie tori. 



'The exceptions occur only on type A and they are completely classified. 
The converse is false in nullity > 1. 
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17. ACYCLICITY, II 

17.1. Theorem. Let Sj be a loop reductive group scheme over Rn- Then the 
natural map 

is bijective. 

17.2. Remark. The theorem generalizes (in characteristic 0) our main result 
m [CGP] . Indeed, in that paper we showed that if n = 1 and G is a reductive 
group over an arbitrary field k of good characteristic then Hjf_{Ri,G) — > 
H^{Fi,G) is bijective and that every G-torsor is toral. The Theorem also 
generalizes the Acyclicity result of [GP3j . which is used in the present proof 
and covers the case when is "constant" . 

The proof of the theorem is based on the following statement which gen- 
eralizes the Density Theorem 113.21 to the case of arbitrary loop reductive 
group schemes, not necessary anisotropic. 

17.3. Theorem. Let H be a linear algebraic k-group whose connect compo- 
nent of the identity is reductive. Let rj : 7ri(ii„) H(A;) be a loop cocycle 
and consider the loop reductive Rn^groups ^ = -q^^i <ind f)° = r;H°^ . Let 
(^, £) be a couple given by Theorem \15.1\ forSi°. Then there exists a normal 
subgroup J of 2^{Fn) which is a quotient of a group admitting a composition 
serie whose quotients are pro- solvable groups in k-vector spaces such that 

Sj{Fn) = (i0(i?„), J,^)(Fn) + ) 

where Sj{Fn)~^ stands for the normal subgroup of S^{Fn) generated by one 
parameter additive FnSubgroups. 

17.4. Remark. If S) is semisimple simply connected, isotropic and Fn- 
simple, we know that io(F„)/io(F„)+ = ^{Fn)/R [Gl 7.2] so that the group 
S){Fn) / S){Fn)^ has finite exponent {ibid, 7.6). In this case, the decomposi- 
tion reads = S^{Fn)+). 

Proof. Case {!): S) is a torus T. We leave it to the reader to reason by 
induction on n to establish the case of a split torus T = G^ (the case 
n = 1 follows from the identity F^ = R^ . ker(/i;[[ti]]^ A;^). Since all 
finite connected etale coverings of Rn are also Laurent polynomial rings 
over field extensions of k |GP3l Lemma 2.8] and the statement is stable 
under products, the theorem also holds for induced tori. 

Let T be an arbitrary torus. Since T is isotrivial, it is a quotient of an 
induced torus ^. We have then an exact sequence 

1 ^ © A e 1 
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of multiplicative Rn^group schemes. It gives rise to a commutative diagram 

1 — , e(i?„) ^ i(R^) 1^ Hl{R^,&) — > 1 



1 , 6(F„) ^ G;(F„) ^ ^ i/^i^n,©) > 1 

with exact rows. Note that the right vertical map is an isomorphism by 
[GP21 Prop. 3.4] and that surjectivity on the right horizontal maps is due 
to the fact Hl^{Rn, = H^{Fn,€) = 1. By dia gram chasing we see that 

Therefore the case of the induced torus C; provides a suitable group J such 
thatT(F„) = T(i?„)-/K(J). 

Case (2) : = 2, is irreducible. Let C be the radical torus of £. We have 
an exact sequence |SGA3[ XXI, 6.2.4] 

1 > n — ^ V2 Xr,^ C — ^ £ > 1. 

It gives rise to a commutative diagram of exact sequences of pointed sets 

(P£xe:)(i?„) ^ ^ Hi{Rn,li) ^ Hl^piRn,Vil X (t) 

(P£xe:)(F„) ^ ^ ^ i/i(i^„,P£x(j:). 

Note that the image of the map Hl^{Rn,iJ.) Hl^{Rn,V2) is contained 
in H^^^^i{Rn,'D2)irr- So taking into consideration Theorem 114.11 (applied 
to the irreducible loop reductive group scheme T>Sj and chasing the above 
diagram we see that 

mn)/fRr.{{m{Rn) X ^{Rn)) ^ 2{Fn) / fF„{{V2){Fn) X C{Fn)) . 

The case of P£ done in Proposition 113.21 together with the case of the torus 
£ provide a suitable normal group J such that = £(i?n) ■ J- 

Case (3). S) = Sj°. Since is loop reductive by assumption it suffices to 
observe that Sj{Fn) is generated by and Sj+{Fn) |BT73[ 6.11]. 

Case (4). For the general case it remains to show that for an arbitrary 
element g € the coset gS)°{Fn) contains at least one iJ^^point of i^. 

Let (3 be the maximal split torus of the radical of £. The torus g& Fn9~^ 
S)°p^ is maximal split, hence there is gi G S)°{Fn) such that g&F„9~^ = 
gi&Fndi^- Thus replacing g by gi^g if necessary, we may assume that 
g©Fn9^^ = ©-Fn- Then we also have g{£,Fn)9~^ = -2^, so that g G 
iVx,(£)(F„). 

The torus S is clearly normal in (£) . Hence we have an exact sequence 
1 ^ e ^ N^{2) ^' := N^{2)/6 1. 
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Note that since Hj^{Rn, S) = 1, the natural maps Ns--j{2){Rn) — ?• S)'{Rn) and 
Nfj{S,){Fn) — > S)'{Fn) are surjective. Furthermore, i^' satisfies all conditions 
of Theorem 113.21 so that the required fact follows immediately from that 
theorem applied to i^' and from the surjectivity of the above maps. □ 

We can proceed to the proof of Theorem 117.11 which is very similar to 
that of Theorem 114.11 

Proof. Injectivity: By twisting, it is enough to show that the natural map 
^toraii^n,^) H^{Fn,^) has trivial kernel. 

We first assume that 9) is adjoint. We may view ^ as the twisted form of 
a Chevalley group scheme H/j^ by a loop cocycle r/ : 7ri(i?„) — > Aut(H(A;)). 
The same reasoning given in Case 1 of the proof of Theorem 114.11 shows that 
we have a natural bijection 

(17.4.1) Hl^,i {Rn, Aut(iD)) ^ H' {Fn, Aut(io)) . 

The exact sequence 

Aut(fi) Out(i5) 1 

gives rise to a commutative diagram of exact sequence of pointed sets 
Aut{Sj){Rn) Out{S)){Rn) Hi{Rn,S)) > Hi{Rn,Aut{^)) 

Aut(i3)(F„) Out{S))iFn) > H\Fn,S3) > H^F^, AutiS^)). 

Let V € Hj^{Rn,S^) be a toral class mapping to 1 € H^{Fn,S)). In view of 
bijection (jl7.4.ip there exists u G Oni{SS){Rn) such that v = ^p{u) and u 
belongs to the image of ip. Since Out(io)(i?„) is a finite group, the Density 
Theorem 117.31 shows that Aut(io)(i?n) and Aut(io)(-F„) have same image in 
Out(ij)(F„). So u belongs to the image of 7, hence v = 1 G Hj^(Rn,S^). 
Let now be an arbitrary reductive group. Set £ = Z(Sj). This is an 
i?„-group of multiplicative type and we have an exact (central) sequence of 
i?„-group schemes 

1 ^ C ^ ^ ^ ilarf ^ 1. 

This exact sequence gives rise to the diagram of exact sequence of pointed 
sets 

^ad{Fn) H\FnX) > H^Fn,S)) > H^F^^^ad) HUF^X)- 

The isomorphisms Hi^{RnX) = H\FnX) comes from [CTO prop. 3.4.(3)] 
for i = 1,2. 

Let V € H^^{Rn,S)) be a toral class mapping to I & H^{Fn,S^). Taking 
into account the adjoint case, a diagram chase provides u € Hj^{Rn, C) such 
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that V = and up^ belongs to the hnage of the characteristic map ifPn- 
Since Hj^{Rn,<t) is an abehan torsion group, the Density Theorem 117.31 
shows that Sjad{Fn) and S^ad{Rn) have the same images in H\^{Rm C). So u 
belongs to the image of Hence v = i^{u) = 1 G Hl^{Rn,S)). 
Surjectivity: Follows by a simple chasing in the diagrams above. □ 

Question. Assume that is loop semisimple simply connected, isotropic 
and F^-simple, Let S^{Rn)^ C S^{Rn) be the (normal) subgroup generated 
by the where ^ runs over the set of parabolic subgroups of 

considered in Theorem ll5.ll Is the map 

an isomorphism? Note that the map is surjective by Remark 117.41 The 
question is then all about the injectivity of the map in question. 

18. Appendix: Greenberg functors, Bruhat-Tits theory and 

pro-unipotent radicals 

We are given a complete discrete valuation field K of valuation ring O = 
Ok and of the perfect residue field k = O/ttO. Here tt € O is a uniformizer. 
In the inequal characteristic case denote by eo the absolute ramification 
index of O, i.e. p = utt^° for a unit u £ O where p = char(fc); in the equal 
characteristic case, put cq = 1. We denote by O^^ the strict henselization of 
O, or in other words, its maximal unramified extension. 

18.1. Greenberg functor. We recall here basic facts, see the references 
[Gb] . p2l §111.4], jBLRj . jg. 

Assume first that we are in the unequal characteristic case, that is K is 
of characteristic and k is of characteristic p > 0. 

For each fc-algebra A and r > 0, we denote by Wr(A) the group of Witt 
vectors of length r and by VF(A) = |im Wr(A) the ring of Witt vectors 
(see [Se2', §11.6]). There exists a unique ring homomorphism W{k) — > O 
commuting with the projection on k = Wo{k) (ibid, II. 5). 

Let © be an affine VF(A;)-scheme. Recall that for each r > 0, the functor 
k-alg — )• Sets given by 

is representable by an affine /c-scheme Greenr(©). The projective limit 

Green (6) : = |imGreenr(©) 

r 

is a scheme which satisfies Green((3)(A) = (3{W{A)). If X is an affine O— 
scheme, we deal also with the relative versions of the Greenberg functor 



G^(je) := Green^( X), G(A:) := Green ( JJ X). 

0/W{k) 0/W{k) 
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WehaveG^(je)(A;) = X{0/fO) and G{X){k) = X(0). We have G(Spec(0)) = 
Spec(/c); if X is a O-group scheme, then G{X) and the carry a natural 

/c-group structure [B^, 4.1]. 

18.2. Lemma. Let L/K he a finite extension, Ol the valuation ring of L 
and l/k the corresponding residue extension. Let^/OL be an affine scheme. 
Let H_/l be the relative Greenberg functor of with respect to W{1). Then 
we have natural isomorphisms of k -schemes (for all r >1) 

a( n =^ U^rm), g( n ?)) =^ Yl^m- 

Ol/O l/k Ol/O l/k 



In particular if k = I then we have G^ I Y\ ?) ) — M.ri^) CLn-dGl Y\ ?) 

^Ol/O ' ^Ol/O 

Km)- 

Proof. We have a commutative square 

O > Ol 



W{k) > W{1). 

So by the functorial properties of the Weil restriction, we have 

(18.2.1) nn?^=n?^=n u ^ 

0/W(k)OL/0 OL/W{k) W{l)/W{k)OL/W{l) 

Let A be a /c-algebra. Using (jl8.2.ip and the definitions of the Greenberg 
functors, we have 

G,( n 2))(A) = Green, ( J] 2))(A) 

Ol/O OL/W(k) 

n n ^)(Wr{A)) 

Wil)/Wik) Ol/W(V} 

n 'd){W{l)®w{k)Wr{K)). 
Ol/W{1) 

Since Wr (A) is a Wr{k)-m.odn\e, we have 

W{1) Wr{K) = Wr{l) ®WAk) ^r(A) = VF.(A 0fc /) 

by m 1.5.7]. Hence 



G,[ n ?^)(^) = ( n "^YWri^^kl)) = Ri/k{,H,){K) 
Ol/O Ol/W(1) 

as desired. By passing to the limit, we get the second identity. □ 
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18.3. Lemma. (1) Let X/O he an affine scheme of finite type such that 
Xk = 0. Then G(X) = 0. 

(2) Let 91/0 be an affine group scheme of finite type such that = 
Spec(K). ThenG{% = G(Spec(0)) = Spec(A;). 

Proof. (1) We have X = Spec (yl) where A is an O/vr'^O-algebra of finite 
type for d large enough Put = de^. Then p^'^A = 0. For a /c-algebra A 
we have by definition 

G(X)(A) = Homo(A, W{K) ®w{k) O). 

But W{K) (8)vF(fc) O is p-torsion free, so G(X) = 0. 

(2) We have = Spec(-B) and we have the decomposition B = 0®L where 
/ is the kernel of the co-unit of the corresponding Hopf algebra. The O- 
module / is an ideal of B which is an O/vr'^O-algebra of finite type. The 
same reasoning as above shows that 

G(OT)(A) = YioTno{B,W{K)®w(k)0) 
= Homo(0,T^(A)®H/{fc)0) 
= G(Spec(0))(A). 

Thus = G(Spec(0)) which is nothing but that Spec(/c) as reminded 

above. □ 

Secondly, assume that k and K have the same characteristic (0 or p > 0) 
and we still assume that k is perfect. Then k embeds in O (in an unique 
way, |EGA4l 21.5.3]) and for an 0-scheme X the functors 

G{X) =WX and G,{X) := J| (X Xq O/tt^'O) 

0\k O/tv-^O I k 

play the desired role jBLRl §9.6] and allow us to write 

X{0) = |im X{0/ti''0) = |im G,(X)(fc) 

r r 

where the G_^{X) are /c-schemes (by Weil restriction [BLRl §7.6]). The two 
lemmas are true as well. 

18.4. Congruence filtration. Let G be a reductive /C-group and denote 
hy B = B{G, K) its (extended) Bruhat-Tits building. Let x be a point of B 
and denote by Px the parahoric subgroup 

Px = [g^G{K) I g{x) = x]. 

Denote by the canonical smooth group scheme over O defined by Bruhat- 
Tits |BT21 §5.1] with generic fiber G and such that ^x(O) = Px or, more 
precisely, 

^?x(0'') = {<?GG(i^'') I 9{x) = x} 
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where x is viewed as an element in B{G, K^^) via the canonical mapping 
B{G,K) ^ I3{G,K'^). Since is smooth we have 

q},(0) =^«P,(0/7r"0) 

and the transition maps ^x{0/tt^~^^0) ^^^(O/vr^O) are surjective with 
kernel Lie(q3^) ®o k (|M2i III.4.3]) 

The application of the relative Greenberg functor to the smooth affine 
group scheme Cp^ defines a projective system of affine /c-groups Px,n {n > 1) 
such that 

P.,n(A:) = q2.(0/7r«^«0). 

The Pa;,n are smooth according to [HI Lemme 4.1.1]. The kernel 'Px,n+i/n 
of the transition maps Px,n+i Pa;,n are /c-unipotent abelian groups which 
are successive extensions of the vector group of Lie(*Pa;) ®o ^ {ihid. or |M21 
III.4.3]). 

For each n > 1, we denote by Rn,x := Ru{^x,n) the unipotent radical 
of P^ •a] since k is perfect, it is defined over k and split [DGl IV. 2. 3. 9]. 
The quotient M^; of Px,n by Rx,n is independent of n. It is nothing but 
the quotient of the special fiber of '%^x by its /c-unipotent radical Rx- The 
/c-group M° is reductive according to (BT2l 4.6.12]. 

We consider the "maximal pro-unipotent normal subgroup" 

P* ■.= kei{^x{0)^mx{k)) 
which is of analytic nature. Denote by 

Vx/k := ]jmPx.n 

n>l 

and by P^/A: = ker(P2. — >■ M^;). By construction we have P* = Pxik)- 

18.5. Lemma. For each n > 1, there is a short exact sequence of affine 
k -groups 

1 kei(Px Px,n) ->P*x-^ Rx,n ^ 1. 
Proof. Apply the snake lemma to the commutative diagram of /c-groups 

1 y P* > Px > Mx ^ 1 

1 > R.x,n > Px,n > Mx 1. 

□ 

18.6. Lemma. The k-group P* is the unique maximal split pro-unipotent 
closed normal subgroup of the pro-algebraic affine k-group Px- 

Proof. Since 

ker(P^. Px,i) = limker(P3;,„ Px,i) 
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is pro-unipotent, the above exact sequence shows that P* is pro-unipotent. 
Let JJx be a pro-unipotent normal closed subgroup of P^- The image of Ux 
by the map P^^ — )• M^,. is a normal unipotent connected A;-subgroup. Since 
M° is reductive, its image is trivial. Therefore U^; C P^ which completes 
the proof. □ 

18.7. Behaviour under a Galois extension. Just as does the whole the- 
ory, the construction of P* has a very nice behaviour with respect to unram- 
ified extensions of K. The behaviour under a given tamely ramified finite 
Galois field extension L/K \s subtle. Since such an extension is a tower 
of an unramified extension and a totally ramified one, we may concentrate 
on the case when L/K is totally (tamely) ramified. Then L/K is cyclic of 
degree e invertible in k = K = L. The Galois group F = Gal{L/K) acts 
on the building B{G,L). The Bruhat-Tits-Rousseau theorem (^Roi §5], see 
also [Pr] ) states that the natural map 

j ■.BiG,K)^B{G,L) 

induces a bijection B{G,K) — > B{G,L)^. For z E B{G,L), we denote by 
Qz the parahoric subgroup of G{L) and by Qz the canonical group scheme 
over Ol attached to the point z. 

For o" G F, we have cr{Qz) = Qa(z)- Hence for the canonical group schemes 
over Ol attached to z and <t(z), there is a natural cartesian square 

'^<t{z) > '^z 

Spec(OL) Spec(OL). 

Put y = j{x) S B{G, L)^ ■ and we have then an O-action of F on the scheme 
Qy. We note that 

(18.7.1) Px = G{K)nQy = GiLfnQy = Ql. 

As above we consider the groups Qy^n ^^'^ their projective limit Q^^. Since 
k is the residue field of O/,, all Qy^n Q,y /c-groups. The action of 
F on Qy induces its action on Qy^„, hence on My where stands for 
the reductive /c-group attached to y, and on their projective limit Q^^. By 
Lemma ri8. 61 Q* is a characteristic A:-subgroup of Qj^, hence F also acts on 
the pro- algebraic fc-group Q*. Our goal is to prove the following fact: 

18.8. Proposition. There is a natural closed embedding P^ — t- and we 
have 

p: = P,nQ;. 

This gives rise to an isomorphism — > M^. 

By taking /c-points we get the following wished compatibility, namely. 
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18.9. Corollary. We have 

Consider the Weil restriction -3a; := Hoj^/oi^y) ^^'^ recall it is a smooth 
O-scheme |Yut §2.5]. Let be the kernel of the natural map ^x, its 

generic fiber is trivial. As above, applying the Greenberg functors to the 
0-schemes 3x and 71 we get A:-groups Jx,n, Jx and N„, N. 

Since the Greenberg functor is left exact, we get an exact sequence 

I ^ Jx- 

Since ^Xk = 1, we have N = 1 according to Lemma ll8.3l (2). Hence we may 
view Pa; as a closed subgroup of J^. But according to Lemma [18.21 Jx,n is 
nothing but Qy^n- This implies is isomorphic in a natural way to Q^. 
Thus we have constructed a natural closed embedding Pa; — > Q^. 

Define the /c-subgroups := |im Qj^„ and (Qy)^ = Qy n Q* of and 

n 

Q* respectively. 

18.10. Lemma. (1) Ifk'/k is a finite extension of fields, the projective sys- 
tem (Qy,n(^'))„>i surjective transitions maps. Therefore the projective 
system of k- groups (Q^,n)„,>i ^'^^ surjective transitions maps. 

(2) Ifk'/k is a field finite extension, we have an exact sequence 

1 ^ iQlfik') ^ Q;;(A;') ^ Mlik') ^ 1; 
hence the sequence of the pro-algebraic k-groups 

1 ^ (Qlf ^ ^ ^ 1 

is also exact. 

(3) The algebraic k-group is smooth and its connected component of the 
identity is reductive. 

Proof. (1) Since Bruhat-Tits theory is insensitive to finite unramified exten- 
sions, we may assume that k = k' without loss of generality. Since Qy^n+i/n 
is a fc-split unipotent group, we have an exact sequence 

1 — ^ Qj/,n.+l/n(^) ~^ Qy,n+l(^) ~^ Q{/,?i(^) ~^ ^■ 

It gives rise to the exact sequence of pointed sets 

1 ^ Qy,n+l/n{kf ^ Q,,n+l(^)^ ^ Q,,n(^)^ ^ {V , Qy,n+l/n{k)) ■ 

Since Qy^n+i/n{k) admits a characteristic central composition serie in k- 
vector spaces and the order of T is invertible in k, the right hand side is 
trivial. A fortiori, the system (Q^„) of /c-groups is surjective (because 

Q^,n(^) = Q,,nW^)- 

(2) By part (1), the map Qy{k) — > {Qy^i)^{k) is surjective. The same 
argument as in (1) shows that {Qy^i)^{k) —>■ M^(/c) is also surjective. By 
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taking the composition of these maps we conclude the map Qy{k) — )• (fc) 
is surjective whence the desired exactness of both sequences. 
(3) The group T may be viewed as a finite abehan constant group scheme 
whose order is invertible in k. Hence T is also a (smooth) A;-group of mul- 
tiplicative type. Since Mjy is affine and smooth, Grothendieck's theorem of 
smoothness of centralizers |SGA3t XI, 5.3] shows that is smooth. Its 
connected component of the identity is reductive by a result of Richardson 
[Ril prop. 10.1.5]. □ 

We can now proceed to the proof of Proposition 118.81 

Proof. We have to show that our closed embedding P^; — )• which we 
constructed above induces an isomorphism P* — > Px H Q*. Since P^^ H Q* 
is a normal closed split pro-unipotent subgroup of P^ it is contained in P*. 
Hence it remains only to show that P* C Q*. 

We now recall from (118.7.11) that = and Q^(A;) = Qy{kf = Q^. 
By Lemma ri8. 101 Qy{k) projects onto 'W[y{k), so the composite map 

Px = PAk)^Ql{k)^Ml{k) 

is surjective. Since this is true for all finite extensions of k, the homomor- 
phism of A;-algebraic groups P^,- — > is surjective. But (M^ )° is reductive, 
hence this map is trivial on the pro-unipotent radical P*. We get then a 
surjective map M^; — )■ and also a homomorphism P* — )• (Q^^ C Q* as 
required. □ 
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